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PROGRAMSUMMARY

Title ofprogram: COULFG: Coulomb,BesselFunctions uesin integer steps,1 ~ A ~ m> —I, for realx >0 andreal i~,

iO~~ Values of the maximum angularmomentum,1, of
Cataloguenumber: ABNK several thousandcan be treated.When the functions have

oscillating characterthe absoluteaccuraciesare about ~ 4

Program obtainablefrom: CPC ProgramLibrary, Queen’sUni- but this is only limited by the word length used; extended
versityof Belfast,N. Ireland(seeapplicationformin this issue) precision variablescan yield absolute accuraciesof 10—30.

COULFGwill generatesphericalBesselfunctionsandcylindn-
Computer: IBM 370/165 and AS/7000; Installation: Dares- cal Bessel functions for a wide range of integer-spacedreal
bury Laboratory,Warrington,Lancs. orders.

Operatingsystem:OS/360GI compilerandHX compiler (level Methodofsolution
2.2.1) An enhancedversionof Steed’smethod,used previously for

integer A in subroutineRCWFN [1] is adopted. The more
Programminglanguageused:ASA FORTRAN recentsubroutineKLEIN [2] for a singleA valuealsois similar,

theadditionalfeaturebeingthestablerecurrencerelationsfor a
High speedstoragerequired: 180 Kbytes rangeof A values.

No. of bits in a word: 32 Restrictionon the complexityof theproblem
It is well knownthat themethodusedlosesaccuracyasx <x,~

Overlaystructure: none (the turningpointfor theminimumorderrequired)andeventu-
ally, whenG,,, ~ 106, a JWKB approximatesolutionis adopted

Peripherals used:cardreader,printer which is accurateto ~ 1% as a rule. Severaloutputvariables
signal that this hasoccurred.

No. of cards in combinedprogram andtestdeck: 432
Featuresof theprogram

Cardpunchingcode: EBCDIC A considerablyrevised version is presentedof the CPC pro-
gram ‘RCWFN’ (catalogue ABPC) used to compute the

Keywords: Klein—Gordon, Coulombfor real angularmomen- Coulomb functionsF~(~j,x, GL(~J,x) and their x-derivatives
tum, recurrencerelations,SchrOdinger,Bessel,sphericalBessel, over a range of integer L-values ~0. The new program,
continued fraction, reactions, scattering,heavy ion, nuclear, COULFG,calculatesFA(~,x), G~(~q,x), ~ x) and~ x)
molecular,atomic,pionic, kaonic,exoticatoms,scatteringstates when A is real (A> —1) andfor a similar rangein the (sj, x)

planeasbefore, l0~~ x >0, l0~~ Integer-spacedA-values
Nature ofphysicalproblem are obtainedby a suitablecombination of stable recurrence
Coulomb interactionof chargedparticles in sphericalcoordi- relations.SubroutineCOULFG will return, furthermore,for a
nates(Coulomb function) and unchargedparticles (spherical rangeof integer-spacedorders;
Besselfunctions),and generalproblemsin cylindrical coordi- a) SphericalBesselfunctionsJ~(x), y~,(x), j$,( x),y~(x), and
natesyielding Bessel-functionsolutionscan be solvedwith the b) Cylindrical BesselfunctionsJ~,(x), },(x),J~(x), }( x), where
program. COULFG computes the Coulomb wavefunctions both A, s~canbe realor integral.Valuesof orderin excessof
FA(~,x), ~ x), ~ x) and G,(,~,x) for a rangeof A-val- 1000 havebeen tested.
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A “mode” option is provided so that, for eachcase,arrays x decreasesbelow xx; a measureof this decreasedaccuracyis
of the regularand irregular functionsand their derivatives,or providedby theprogram.JWKB approximationsareprovided
just thetwo functions,or theregularfunction alone(F~,j~,J~,) whenx is sufficiently smallerthanxx.
are calculatedand stored. Both core and execution time are
savedby this technique. Typical running time

In theregion of x wherethe functionsoscillate, i.e. x > X
5 The test deck ran in 2~s on the GI compiler and the HX

(theturning point for theAth ~iartialwave)therelativeaccuracy compiler, one half of which demonstrateserrorconditions.
of thefunctionsfor IBM machines(REAL * 8) asprogrammed,
is ~l0~4_10_l6 andfor CDC machines(singleprecision)is References

i0
12_~~~—~. With no changein the code except for the [I] A.R. Barnett,D.H. Feng, J.W. Steedand L.J.B. Goldfarb,

accuracyparametertheaccuracycan be increasedto 10 30 Comput.Phys.Commun.8 (1974) 377.
by usingtheAUTODOUBLE facility on anextended-precision [2] A.R. Barnett,Comput.Phys.Commun.24 (1981) 141.
IBM compiler. The accuracydecreasesin a predictableway as

LONG WRITE-UP

I. Introduction canbe obtained.In addition,bothBesselfunctions
andsphericalBesselfunctions(regularandirregu-

This is the third paper in the current series lar) over a wide range of orderscan be obtained
which discussesprograms deriving from Steed’s readilyfrom COULFG. The accuraciesof all func-
method of calculating Coulomb wavefunctions. tions,whenx is in the oscillatingregion,are about
The previouspapers, to be referred to as I, II, l014_l0~6 in the standard(REAL*8) IBM pro-
dealtwith anoverview of the algorithmsandtheir gram using 56-bit words; on a single precision
family relationships[1], and with KLEIN [2], a CDC compiler with 48-bit words the accuracy
one-shotprogramfor a fixed realangularmomen- becomes10 1210 14• By changingonecard (line
turn quantumnumber, A, real ~ and real x (i.e. 107) and using an extended-precisionIBM corn-
positiveenergy).KLEIN returnsthe valuesof the piler with the AUTODOUBLE facility the accu-
regular solution, F~(ii,x), the irregular solution, racycanbe squared(~10 ~°). Subsequentpapers
G~(n,x) and their x-derivativesto the sameaccu- will deal with programs specifically for Bessel
racy.ThepresentpaperdescribesCOULFG, which functions, for the real Gammafunction and for
is designedto extendthe methodsof KLEIN to a the Airy functions.
rangeof integer-spacedA-values,m ~ A ~ 1, where The present program COULFG supercedes
1—rn 0 (mod 1) and rn> — 1, andthis is equiva- RCWFN [3] in its capabilitiesbut is identical in
lent for integerA L to the original subroutine principle andfor identicalparameterswill produce
RCWFN of Barnett et al. [3]. Henceit provides identical results,with the exceptionthat for x-val-
Coulomb wavefunctionsolutionsto the non-rela- uesbelow the turningpoint
tivistic Schrodingerequationfor real ~~ 0. For
rn I the solutions to the relativistic Schrodinger X~ ~ + [~2 + A(A + i)] 1/2 (2)
equation,i.e. the Klein—Gordonequation,are ob-
tained,by setting(seeI, II for notation) for the minimum A = m, the earlierprogrampro-

vided an integrationmethodfor G and G’, which
A {(L + — Z2a2] 1/2 — ~, (1) hasbeenremoved.If x is sufficiently smallerthan

Xm~ that is for F~ iO~and G~106, a JWKB
andthe resultsof KLEIN are reproduced.By the approximation,seeII, is employedwhich in gen-
useof similar expressionsfor lambda,given in II, eralprovidesresultsto betterthan 1%.The specific
scattering-statesolutions with positive energy of methodsof the standardprogramsof Bardin et al.
both the (relativistic) Dirac equation, and the [4] treatthe small-x casedirectly.
Klein—Gordonequation in N-dimensionalspace, The subroutineCOULFG includesKLEIN (in
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effect) and it includesthe improvementsmadein the maximum A-value (XLMAX) required, by
RCWFF[5]; thusit incorporatesa ‘mode’ parame- meansof the continuedfractionCF1.The relative
tersuchthatwhen MODE= I thenF~,G~,F( and accuracyis set by theinternalparameterACCUR,
G, are usedin the calculationandthe arraysfilled, which is 1016 in the listing. Thenf, is set to s$
when MODE = 2 only the arraysof the functions and F,’ to s/3f,, where $= l0~°and s sign F,.

F~,G~are usedandfilled, while whenMODE = 3 The recurrencerelations[1],
only the arrayF~is usedandhasresultsstoredin
it. This techniqueeconomiseson corestorageand F~_1= (s~F~+ F,O/RX, (4)
timewhensomeof thequantitiesare not required. F~1= S~F~1— ~
Thus,in part of a typical application [6],valuesof
F~from m = 0 to 1 = 800 were requiredbut not the are usedto find Fm(~,x) and~ x), with F~not
irregularsolution or the derivatives.Thusthe array being storedif MODE = 2, 3. Their ratio,F,~/Fm,

declaration statement DIMENSION FC(801), is .f,,~andit is combinedwithp~+ iq~obtainedby
GC(l), FCP(1),GCP(l) was adequatein the cal- meansof the continuedfraction CF2(see I, II) to
ling program. obtainFm~Gm~F,~andG~at the minimumA-value

An extensivedescriptionof the algorithm, also required(XLMIN). The regular function is, for

called COULFG, is given in I and full detailsof example,
the Coulomb functions for real A appearedin II —t 2

and in related papers which examine Steed’s Fm(i~,X)= sign(F~)[(f~—p,j
2/q~+ q~] /

method [3] in detail for accuracy[7], and range (5)
and limitations [8], and comprehensivereferences
to the extensiveliterature on Coulomb functions (theexpressionfollowing (25) in I is correctedhere
are given there.The most recentsummary[9] is [11]),and the othersare
that of Kolbig in 1972, while Fullerton [10] has F—fF; G=yF; G=(py—q)F,
compiled a large bibliography of calculationsof m m m m m

special functions which includes the Coulomb (6)
functionsbutnot Klein—Gordonones. where = I f — \ /

The relativistic Coulomb equation solved by •1’ ~Jm Pm/I qm~In order to preservethe accuracyof the func-
COULFG for realx>0, real A> —l andreal ~ .

— . tions if it shouldhappenthat Fm is closeto a zero,
inciuuing~ — U, is . —1/2

i.e. fm > ACCUR , then the solutionscould be
d2U/dx2+ [I — 2~/x— A(A + 1)/x2] uA = 0. (3) recastto be multiplesof F,~insteadof Fm~i.e.

The next section details the relationship to the F = F’f~, G = (I — ~,,f1)F’,
Bessel functions andthe method of solution, sec- , — i — , (7)
tion 3 containsprogramnotesandthe lastsection G ~(l ~r )p/q af~~F,
describesthe testoutputandprogramlisting, whereF’ is determinedas

F,~__sign(F~)[(l _p~1)2/q+q~2}~2, (8)
2. SubroutineCOULFG

However, provided Fm is not exactly zero in the

2.1. The Coulombfunctions computerrepresentation(see line 203 of the list-
ing) the methodas programmedlosesno accuracy

The programmingclosely follows thealgorithm in F,~,Gm andG~.As in KLEIN, ref. II, a quantity
specifiedin I (with someerratacorrected[11]) and PACCQis madeavailablein a COMMON block
the details in II. Familiarity with thesetwo refer- which providesa guide to the final relative accu-
enceswill be assumedand the rangeof A-values racyof the functions(seenext section).
will be takenas m ~ A ~ 1, with 1— m an integer. The final stageof the calculationis the upward
First the ratiof,= 1~’~q,x)/F,(~,x) is obtainedfor recurrenceof G~and G’ from A = m to A I —



150 A. R. Barnett / Coulomband Besselfunctionsand their derivatives

meansof KFN which determinesthe function; KFN = 0
G~±1= (SA+IGA — G~)/R~+1, (Coulomb),=1 (sphericalBessel),=2(cylindrical

(9) Bessel).A relatedpaperin this serieswill describe
G~~1= R~÷1G~— S~1G~+1, the companionsubroutinesBESSJYandSBESJY

which evaluatecylindrical and spherical Bessel
(correctedeqs.(26) from I). This is bypasseden- functions, respectively, and which are progres-
tirely if MODE= 3 (F~only required) and only sively morecompact,as wasoutlinedin fig. 1 of I.
G~is storedif MODE = 2.

2.2. ThesubroutineCOULFGfor Besselfunctions 3. Noteson subroutineCOULFG

The relationship betweenthe Coulomb func- The calling sequenceis:
tions andthe Besselfunctionsis a verycloseone,
andit is fruitful to think of the Coulombfunctions CALL COULFG(XX, ETA 1, XLMIN, XLMAX,

FC, GC, FCP, GCP,MODE 1, KFN, IFAIL)asindependentbasisfunctionsin that they havea
unit Wronskian and remainfinite as x —~ ~, be- and the namedCOMMON block containsCOM-
having in the simplestway as circular functionsof MON/STEED/PACCQ,NFP, NPQ, IEXP, Ml.
unit amplitude,F~—÷ sinO~,and G~—* cosO~.The Thevariableshavethefollowing typeandmeaning
angleO~,is the Coulombphase (and‘real’ indicatesREAL *8 on the IBM version).

The basic accuracyis set, within 2—3S, by the
O~x—s~ln(2x)—~irA+argI’(A+l+i~).

parameterACCUR. An appropriatevalue for the
Bessel functions from this view point, I, are 1MB (REAL* 8) versionis 1016 (56-bit mantissa),

merely renormalisedCoulomb function for un- and for the CDC (single precision)version it is
charged particles (~= 0), and the relationships l0 ‘~(48-bit mantissa);this is set within the code,
are; and althoughthe valuecould be transmittedas an

a) SphericalBesselfunctionsfor real A> — 1 argument if desired, for most purposesvariable
accuracy is not needed.For ultra-precisework

Jx(x) = F~(0,x)/x, (REAL* 16 variables on an IBM system) then

Yx(x) = G~(0,x)/x, l0~~is a suitable value(112-bit mantissa)while

j~(x)[F~(0,x)x’F~(0,x)I/x, (10) the use of DOUBLE PRECISION variables on
CDCmachinescanallow ACCUR= l0 28 (96-bit

y~(x) = — [G~(o,x) — x
1G~(0,x)]/x, and mantissa).

XX (real) x >0 The accuracyof the Coulomb

functionsis reducedif x < Xm~whereXm is the
b) Cylindrical Besselfunctionsfor real ~t> — turning point for the lowest angularmomen-

tum, rn (eq. (2)). An estimateof the reductionin
J~(x) (2/1Tx)’~2I~_

1/2(0,x), accuracy,is to be foundin thevariablePACCQ

= — (2/trx)~
2G~_l/

2(0,x), in the COMMON block.
COULFG fails at once(IFAIL = — 1) if x <

= (2/~rx)~’
2 (11) ACCUR1~2(= l0~ in the standardversion)

andno changeis madeto the output arrays.
>< [1~_i~

2(0,x) xh1~l/2(0,x)], ETAI (real) i~ Positive, negative or zero.
COULFG has beentestedfor the n-range l0~

= — (2/irx)
1~2 — l0~.If Bessel functions are requested

x [G
1/2(0,x)—~x’G~l/2(0,x)]. (KFN= 1,2), then i~is set to zero (line 117)

XLMIN (real) rn Minimum value of the order
They are calculatedprecisely in this manner in (angularmomentum)for F~,.ix or J~.
COULFG, controlledby the ‘function’ parameter XLMAX (real) 1 Maximum value of the order.
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The subroutinefails if 1< m. The difference IFAIL (integer) Monitors the subroutineexecu-
betweenthesetwo quantitiesmustbe aninteger tion. A non-zero value indicates a program
~‘ 0. Otherwisethe calculationproceedsfrom failure andis accompaniedby anerror message.

A = m to A = m + INTl 1— m + ACCURI andan IFAIL = 0 Successfulcalculation,with no er-
informativemessage(FORMAT 2040, line 328) rorsdetected.
is output. = — 1 Input x-valueXX ~ SQRT (AC-

Limitation on in For the function parameter; CUR). The valuesare printed accord-
KFN = 0, 1 then m> — 1. Forcylindrical Bes- ing to FORMAT 2000, and control
sels,whenKFN = 2, thenm> — ~, returnsto thecalling program.

KFN (integer) Functionparameter,i.e. — 2 Problem with the order values
KFN =0 Coulombfunctions, XLMIN, XLMAX or XLM (minimum
KFN = 1 sphericalBessel functions, A for the equivalentCoulombfunction),
KFN = 2 cylindrical Besselfunctions, whereXLM = XLMIN for KFN =0, 1

MODEl (integer) For each of thesechoicesof and XLM = XLMIN — 0.5DO for
KFN thereis the option of not calculatingor KFN = 2.
storingthe derivatives(MODEl = 3) or the de- Either XLMAX <XLMIN or XLM ‘~

rivativesand the irregular function MODEl = — I. Theincorrectvaluesareoutputvia
2). TableI containsthe details. FORMAT 2005,andcontrol returnsto

FC (N 1) These arrays contain the output the calling program.
GC(N2) functionsF~,G~,F,~,,G~,arranged = 1 The continued fraction CF1 has
FCP(N3) by order, and should be dimen- failed to convergeto within a relative
GCP(N3) sionedto at leastto the size LI, the accuracyACCUR, after 20000 itera-

integerpart of XLMAX + 1 = int(/ tions (the 1oop around statement4).
+ 1). WhenMODEl = 1, all arrays This will occur for x/(l+ l)~20000.
must be at least this size-NI, N2, This maximum number can be
N3 ~ Ll. increased(it is the value of ABORT,

N2, N3 ~ 1. Theunusedarraysare notaccessed line 101) but the subroutineis in an
during the programexecution. inefficient region [7,8] and asymptotic

Table I
Thechoiceof theparametersKFN and MODEl and thefunctionsstoredin thearraysFC, GC, FCP, GCP

KFN MODE1=l MODE1=2 MODE1=3

0 Fx(~
1,x), G5~q,x) F~(s~,x) ~ x) F5(~,x), G~(n,x) F5(s1,x)

I j~(x),y5(x),j~(x),y~,(x) jx(x), y~(x) j~(x)

2 J,,(x), Y,~(x),J,(x), Y,~(x) J,,(x), Y~,(x) J~(x)

Notes
1. The derivatives F’, G’, j’, y’, J’, Y’, are with respect to the dimensionless variable x.
2. Therangeof A for KFN = 0, 1, is — 1 < ,n ~ A ~ I and thearraysarefilled from the startingelement

Mlmax(int(m),0)+l, i.e. Ml~l.

For KFN = 2 thenthe rangeof theorder~sis

— <m ~ ~ I,

starting from Ml as defined above. The value of Ml is available in the COMMONblock.

3. The internalparameterXLM, lines 126—127,is, in eachcase,theequivalentCoulombfunctionangularmomentum(eqs.(10), (11)).
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methods, eg. ref. [4], might well be JWKB estimatesfor Gm and Fm are usedand
preferable.Valuesof therelevantvaria- shouldbe scaledby 10 IEXP Theconstant,70,
bles are output with FORMAT 2010, is close to the underfiow exponenton the IBM
e.g. the maximum A-value of XLM + compiler.
int(l— 1 + ACCUR) and control re- Ml (integer) The starting array element for the
turns to the calling program with the function arrays.Thus if the Coulombfunctions
arraysundefined, for m = 350 to 1 = 449 were required in the

= 2 The continued fraction CF2 has courseof a largercalculation(see e.g. ref. [6])
failed to converge after 20000 itera- then Ml = 351 and Ll = Ml + 99 = 450 (see
tions (the loop around statement8), line 138).
accordingto the criterion(line 242).

3.1. Informativemessage
~ +~q~).

The failure may occur for x <<Xm During the calculationof CF1 it is possiblefor
andvaluesof the relevantvariablesare a lossof significantdigits to occur at the step(line
output according to FORMAT 2020. 168)
Control returnsto the calling program D = TK — D * (ONE+ EK * EK).
with arraysFC andpossibly,FCP and
GC modified,andGCPnot defined. i.e. D) = Tk — Dk ~(l + ~2/k2), andinformation

= 3 Apparent convergenceof CF2 but that this has happenedis printed out (FORMAT
either 1000) togetherwith appropriatevariables.It does

a) q is negative,or not follow that the losswill propagatethrough to
b) q is so small (<l0~X ACCUR X pJ, i.e. the final f-value [7], or to the Coulomb functions.
10 ~ X I ~I) that its value and the ‘conver- However,after a secondsuchoccurrence,the sub-
gence’are suspect.Controlreturnsasfor IFAIL routine fails with IFAIL = 1 since for an ex-
= 2. tremelylargevalueof x a semi-infiniteloopcanbe

COMMON/STEED/PACCQ,NFP,NPQ, IEXP, encountered.Furtherremarksare givenin II, sec-
Ml containsthe following variables: tion 4.1. An additional complication with

PACCQ(real) hasthe value: COULFG ariseswith the recurrencebetweenthe
~ACCUR/q if p/q~~cI, maximumandminimum A-values.
p~X~ACCUR/qif~p/q~>l,
-~ACCURif q> 1. 3.2. Rangeerrors duringrecurrencein order
It is a roughguide to the final relativeaccuracy
and hencemonitors the numberof significant During the downwardrecurrence,DO LOOP6,
digits lost as the magnitudeof q falls greatly for F~,F~it is possiblefor overflowsto occur if
belowthat of p [7,8].If Gm>(l0~ACCUR) 1/2 the A-rangeis large enough.An offset of l0~°=
thenPACCQ= I.ODO, andJWKB approxima- TM3O is provided so that a rangeof 10105 is
tions are used. available on the IBM compiler, as programmed.

NFP (integer) The numberof iterationsrequired However, upon renormalizationby W (lines 296,
to evaluateCF1. 297) underfiowsare unavoidable.Similarly during

NPQ (integer) The numberof iterationsrequired the upwardrecurrencefor G~,G~,,111 DO LOOP
to evaluateCF2. 12, overflows are inevitable after the valueof G~,
Thesetwo qualitiesare a crudemeasureof the reaches 7.2X l0~~(the limit for the IBM com-
efficiency of the code for the given input piler). On the CDC machinethe limits are raised
parameters[8]. to 10290 althougheventuallythe sameerrorswill

IEXP (integer) If IEXP = 1 thenJWKB was not occur.The overflow and underfiow errorsare not
usedandx(2~j— x) > max(m2+ m,0). If IEXP trappedin COULFG on the groundsthat normal
= 0 and G> 106, or if IEXP> 70, then the usagewill notrequire suchsmallvaluesof X/X~.
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The problems of overflows during the recur- exponentIEXP which is either0 or > 70 (on the
rencerelationscanbe overcomeby theadditionof IBM system).The usershouldcheck the valueof
a scaling factor, for examplein powersof 10 60 IEXP sincethe arraysF~,F~shouldbe multiplied
which couldbe extractedfrom the Coulombfunc- by IO~’°’andthe arraysG~,G~,by

10+IEXp The
tions as soonas G~,exceededa power of 1060 or restof the calculationcontinuesin the normal way
F~,F~,was less thana powerof 1060. using, wherenecessary,the upwardrecurrencere-

lations(9).
The use of the MODE parameteris not il-

4. Testcalculationswith subroutineCOULFG lustratedbut it can be readily verified by setting
the function arrays to zero before the call to

4.1. Test outputfor COULFG COULFG, andthenusing, in turn, MODE = 2, 3
(section3). There is no changein the derivative

The test sequencefor COULFG examinesthe arrays when MODE = 2, 3 or in the irregular
useof the subroutinefor eachfunction, for a wide function arrayG~whenMODE = 3.
range of argumentsand for most of the error The Bessel-functiontests, which follow in the
conditions.The testswererun on an IBM 370/165 output, are illustrative only as a full discussionis
system at Daresbury Laboratory and on the deferreduntil the next paperof this series,which
replacementNAS 7000 system,usingboth the G will describe the subroutine BESSJY and its
and the HX compilers and REAL * 8 variables; MODE-3 version BESSJ. Some of the standard
they werealso verified on a CDC 7600 systemat tabulationsin Abramowitz and Stegun are re-
the University of ManchesterRegionalComputing calculatedfor the cylindrical Bessel [16] and the
Centreusing single-precisionvariables and on a sphericalBessel [17] cases.The well-known diffi-
GEC 4065 machine. culties [1] experiencedby non-directmethodsin

Exampleswhich appearin Bardin et al. [4] are obtainingtheirregular function }~(x)or y~(x)are
givenfor a rangeof A-values,for bothpositiveand emphasisedby noting that thereare errorsin the
negativevalues of s~some tests from Kolbig’s last two or threeplaceson occasionin refs. [16,17].
review [9], a few calculationsfrom earlier papers Besselfunctionsof order 1/3, J1/3, Y1/3 are com-
[12—14],and an example from the heavy-ion paredwith the 7D values of tableIII in Watson
DWBA programA-THREEof Auerbach[15]using [18] andcompleteagreementis found.Onceagain
parametersappropriateto the scatteringof 180 on the trendsof NFP andNPQemphasisethe general64Ni at 65 MeV. conclusionsdrawnin refs. [1,8] that the singular-

For eachset (rangeof A) the valuesof NFP and ity in theirregular functionat x = 0 forcesa rapid
NPQ are given, the first being the number of increaseof NPQ asx —~0 and that NFPincreases
iterations to evaluateCF1 at A = I (the maximum approximatelyas x does. Thegeneralmethodsof
value) and the secondreferring to CF2 at A = m COULFG are most effectivein the “non-asymp-
(the minimum value). If the value of PACCQ is totic” regionwhere x is neithertoo small nor too
greaterthan ~ACCUR (= 5 X 10 17 in this case), large. The JWKB approximationfor Besselfunc-
then the value of x is less than the turning point tions is containedwithin the Coulomb formula
for the lowest partial wave, Xm~ and accuracy [2,8] (by setting r~= 0) and is invoked in cases
begins to be lost for this reason.The value of where both Gm > (l00ACCUR’~2)~and x2 <
PACCQ is very approximatelythe relative final m(m+ I) for ./m’ Ym’ andx2 < rn2— ~ for ~m’ i’m’

accuracy of the Coulomb wavefunctions[1,7,8]. but not for J
0and }‘~.

An exampleis for ~= 10, x = 5, A = 0—20 when The useof the recurrencerelationsfor a A-value
PACCQ = 2 X 10—6. where one of the functions has an approximate

In caseswhen the x-valueis less than Xm~ the zero does not increasethe errors for any of the
JWKB approximationwill be used if Gm>(100 functions: a testexampleof Blanch [19] is a con-
ACCUR’/

2y ~. These cases are identified by venientexampleof the stability of the methodsof
PACCQ = 1.0, NPQ= 0 and by a value of the COULFG.
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Table 2
High-precisioncalculationsusingCOULFG with ACCUR I0—~~

COMPARISON WITh MAXINOUCHI RESULTS POR Y( 1/3.X)

x J(l/3,X) 5(1/3. X) SF5 iqpQ (pAccQ)

0.7 7.18562 68176 92193 34221 18520 24943 719—01 —5.80858 02999 57995 71269 67919 26450 029—01 12 497 —33
I 7.30876 40216 94480 47749 29356 76242 819—01 —2.78801 64127 59975 99215 39242 05162 139—01 14 349 —33
2 4.42939 81914 85762 12250 42241 77359 69Q—01 3.43199 96626 03460 34434 22614 99177 319—01 18 179 —33
3 —4.49638 20940 23335 83789 81050 98897 999—02 4.56893 03497 23072 30632 40357 02546 119—01 21 120 —33
4 —3.55427 37345 45759 87000 89048 87435 90Q—01 1.79416 76634 39443 94949 53963 70935 309—01 23 91 —33
6 —1.06747 39474 18904 40139 24765 41850 509—02 —3. 25257 99210 09400 94932 10079 02183 579—01 28 62 —33
8 2.59776 16110 83496 56047 55939 65052 519—01 1.09587 79463 36033 60625 60512 57142 169—01 32 47 —33

10 —1.86145 16704 86957 60465 75335 79669 90Q—01 1.70201 11788 26882 68761 03280 60054 259—01 35 38 —33
20 1.76060 58001 29389 97642 20169 56597 439—01 —2.87777 07635 71557 15169 95115 78876 749—02 52 21 —33
40 6.92029 42818 85805 20803 34879 10406 399—02 1.05478 70367 09870 98929 09112 29402 839—01 SO 13 —33
60 —5.56181 47270 52814 27615 87694 39943 969—02 8.66991 73295 71857 19001 55631 86080 339—02 105 11 -33
80 —8.81997 84400 03455 60405 99159 86647 609—02 —1.33588 49535 98459 84077 64403 85137 869—02 130 10 —33

100 —2.12712 44853 70254 01809 16224 76936 569—02 —7.69005 04962 13621 36508 25791 12098 729—02 154 9 —33

M,DIS CALCULATIONS 0? .70 , -(P1/2)50 .71 , -(51/2)51 FOR SO8~X VALUES

X 1, .JL(X) (—PI/2)YL(X)

0.5 0 9.38469 80724 08129 04228 40467 35999 469—01 6.98248 39378 38541 94778 28382 43242 929-01
0.5 1 2.42268 45767 48738 86383 95457 61415 929—01 2.31138 34293 86515 97283 41934 19262 699+00 12 700 —33
0.9 0 8.07523 79812 25447 77302 40904 22876 689—01 —8.84092 33986 56204 88250 64906 49226 279-03
0.9 1 4.05949 54607 88056 74604 92234 55339 739—01 1.37150 40285 49382 72978 21182 11370 199+00 14 396 —33
1.5 0 5.11827 67173 59181 28749 05174 42834 339—01 —6.00749 36468 81809 15674 12441 24872 099—01
1.5 1 5.57936 50791 00996 41990 12121 31561 159-01 6.47652 87675 64670 95194 07340 73970 989—01 16 240 —33
1.9 0 2.81818 55937 43854 70713 55163 25576 629—01 —7.80402 98597 09707 98204 91749 17735 159—01
1.9 1 5.81157 07271 34340 72685 55469 14323 849—01 2.98247 98328 23478 84548 91159 11665 409—01 18 191 —33
2.5 0 —4.83837 76468 19799 63272 87778 85119 809—02 —7.82367 09136 90194 68034 91449 14136 499-01
2.5 1 4.97094 10246 42740 38010 81627 62643 709—01 -2.29207 67513 09780 77462 05920 58430 379—01 19 146 —33
2.9 0 —2.24311 54579 19681 14186 85408 78405 439—01 —6.40746 30577 27090 55294 31943 99590 699—01
2.9 1 3.75427 48181 30958 96390 65394 62210 999—01 —4.64861 55072 92166 27285 21282 12817 739—01 21 126 —33
3.5 0 —3.80127 73998 72633 77378 74930 43869 809—01 -2.96914 97519 44652 15872 72527 29170 039—01
3.9 1 1.37)77 52736 23271 85716 13 49 71839 799-01 —6.44322 46011 15137 33523 49534 95723 269—01 22 106 —33
3.9 0 —4.01826 01488 76399 05034 70519 00704 849—01 —3.67187 90734 04239 97840 36203 62214 339-02
3.9 1 -2.72440 39620 77992 62531 32367 16774 009-02 —6.40602 18866 97087 42081 36413 64572 279—01 24 95 —33
4.5 0 -3.20542 50898 51214 24355 48895 95316 199—01 3.05841 91236 37943 69171 69116 97941 ISQ—Oi
4.5 1 —2 .31060 43192 33706 34008 09652 46452 649-01 —4.72805 48945 29102 79055 97556 79182 049-01 25 83 —33
4.9 0 -2.09738 32758 53263 14754 91962 57280 889—01 4.58758 28386 20714 00447 97279 72241 219—01
4.9 1 -3.14694 67101 51906 03202 84043 15494 309-01 -2.84701 63810 80882 75409 24992 4~367 579—01 26 76 —33
5.5 0 —6.84386 94178 19196 92395 86787 74184 919—03 5.33254 56931 70595 86379 58495 54493 759-01
5.5 1 —3.41438 21542 90433 50179 73099 95445 579—01 3.73193 54483 81223 05165 34853 48969 829—02 27 68 —33
5.9 0 1.22033 35459 28226 73483 50104 91200 379—01 4.75096 88484 10384 43599 34993 49142 799—01
5.9 1 —2.95142 44472 90161 23856 51931 79131 379-01 2.32599 04727 79093 57025 11251 12607 159-01 28 63 —33

STRECOCE AND GREGORY CO(iLO8i! WAVKPUNCT1O8I RESULTS FOR G0(ETA.X) • C 0( ETA. X)

VALUES OF 31, , 3.L CL , C’ L ARE GIVEN P08 L — 0. 1 - 10

ETA X I.

2 1 0 2.8898146 8533649 6044189 6440711 09719—02 6.1308181 0584794 1514451 4407462 76769—02
2 1 0 9.8003357 6844524 5642042 9032229 50519+00 —1.3812624 1208365 55~57U9 5796491 36179+01
2 5 10 3.0512059 9288145 4939052 0913166 04709—12 3.3982794 0432182 7404040 4049918 93569—11
2 1 10 1.5398544 2667003 7875341 8375791 72209+10 —1.5623803 9231546 1445944 5938099 00919+11 11 423 —31

2 2 0 1.4444656 6874273 3245634 6914741 99819—01 1.7961512 8186340 2098609 8641152 45429-01
2 2 0 3.5123830 9130932 8645479 4769757 69029+00 —2.5554284 1067469 9965596 5562870 29879+00
2 2 10 7.0154338 9752437 6504592 0144763 66329—09 3.9244559 7460566 8948596 8517642 63149—OS
2 2 10 1.3336785 7542012 7290338 3151880 91349+07 —6.7936495 7645786 3544484 4475364 68609+07 13 228 —32

2 4 0 7.7519719 1073772 1204381 2672793 66599—01 4.0400781 6494934 7393539 3591787 96829—01
2 4 0 1.3974834 2679301 5884269 9836430 65679+00 —5.6167098 7933261 9703070 3057859 4995901
2 4 10 2.5909141 8373286 0808433 7228075 52499—05 4.3875144 8662284 1799079 9095228 85929—05
2 4 10 1.1979164 2273294 2025205 2567189 17179+04 —2.9820114 6862891 8118911 8995127 92849+04 17 120 —33

10 10 0 1.6262711 2501358 7824895 3638972 09969—03 1.7060476 3207928 0601360 1374368 40159—03
10 10 0 3.0797321 6610908 3798699 3827904 69329+02 —2.9192772 3808268 2257028 7067923 09499+02
10 10 10 8.1831296 0541446 7250800 8488450 27549—06 1.1268600 4231612 9578157 5151769 1323905
10 10 10 4.2163027 5897239 4716851 7106767 98359+04 —5.8989492 4249464 0456065 6063651 55689+04 25 93 —25

10 12 0 1.0980049 3943500 0579482 4888890 69449—02 9.5118486 4742148 8393239 3274792 59159—03
10 12 0 5.6013146 5285647 8179024 5580876 52449+01 —4.2550940 4921594 7716271 6229021 27689+01
10 12 10 1.2544328 6944379 5339357 6133470 49429—04 1.5582581 7394648 9182018 2035976 55329-04
10 12 10 3.3339953 9934307 4369145 7281601 37459+03 —3.8302363 8339775 0317831 7802006 17449+03 27 81 —30

10 18 0 5.0950447 1039365 1023051 0819515 48689—01 2.1715082 9106903 7372537 2519023 03219—al
10 18 0 2.8897604 7548786 4071576 3792894 60039+00 —7.3093180 6912417 6453045 3079472 90009—01
10 18 10 4.0281043 2861964 6123218 1794449 10019-02 2.9087271 7784386 3884088 4072240 67069—02
50 18 10 1.8695033 0697648 0686230 8059256 74729+01 —1.1322848 3151536 1176717 6725932 53349+01 33 59 —33

15 30 0 1.1077060 5607417 5110755 4649877 52509+00 2.6764246 3576946 0718671 8673041 1520901
15 30 0 1.9237558 4878908 0421641 8173163 39389+00 —4.3795124 4059142 7860086 0014457 61299-01
15 30 10 3.7365318 8544987 7622688 2784532 8491901 1.5445324 5077982 0776377 6373537 89079—01
15 .0 50 3.9509440 4215345 1827023 1635648 01849+00 —1.0431166 7481191 4879857 9893521 06029+00 45 49 —32
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Table3
Curtis calculations

X ?L(ETA,X) Z PL(A,Z) PL(A,Z) QL(A,Z) QL(A,Z) NFP NPQ

A—VALUE — 2.000 ETA — —0.707107 L — 0
1.414 0.424398 1.0 0.141533 —0.465728 0.247936 0.309650 8 60
2.828 —0.872102 2.0 —0.290838 —0.152161 0.082660 —0.503983 12 31
4.243 —0.160995 3.0 —0.053690 0.497580 —0.309635 —0.094746 14 22
5.657 0.936694 4.0 0.312378 0.074412 —0.045234 0.498719 17 17
7.071 0.142960 5.0 0.047676 —0.487531 0.318892 0.077302 19 14
8.485 —0.946141 6.0 —0.315529 —0.091492 0.059404 —0.487182 22 12

9.899 —0.226086 7.0 —0.075398 0.473737 —0.317380 —0.116720 24 11
11.314 0.927308 8.0 0.309248 0.145221 —0.097265 0.468976 26 10
12.728 0.358766 9.0 0.119645 —0.449815 0.305600 0.181299 28 9
14.142 —0.874426 10.0 —0.291613 —0.215643 0.146682 —0.437306 30 8

A—VALUE 2.000 ETA = —0.707107 L 1
1.414 0.806284 1.0 0.465728 0.424598 —0.308650 0.743809
2.828 0.515181 2.0 0.297580 —0.723723 0.462653 0.479306
4.243 —0.799461 3.0 —0.461786 —0.468929 0.301169 —0.728125
5.657 —0.534425 4.0 —0.308696 0.705613 —0.464793 —0.484297
7.071 0.777999 5.0 0.449390 0.502540 —0.332416 0.690743
8.485 0.613607 6.0 0.354433 —0.651225 0.437678 0.542944
9.899 —0.708266 7.0 —0.409110 —0.576859 0.388760 —0.618917

11.314 —0.719871 8.0 —0.415813 0.563908 —0.383869 —0.627681
12.728 0.594617 9.0 0.343464 0.664236 —0.4S2943 0.514183

14.142 0.827694 10.0 0.478095 -0.444553 0.305292 0.714808

A—VALUE — 2.000 ETA — —0.707107 L 2
1.414 0.316231 1.0 0.608874 1.415327 —2.681744 2.479364
2.828 1.007017 2.0 1.938918 0.518441 —0.551065 2.588800
4.243 0.452389 3.0 0.871032 —2.454104 1.729599 1.217576
5.657 —0.814388 4.0 —1.568029 —1.543479 1.076216 —2.323967
7.071 —0.631876 5.0 —1.216619 2.125287 —1.461114 —1.808190

8.485 0.683438 6.0 1.315896 1.991482 —1.368646 1.960285
9.899 0.766966 7.0 1.476723 —1.729111 1.190247 2.198852

11.314 —0.530860 8.0 —1.022122 —2.334597 1.608107 —1.517316
12.728 —0.876747 9.0 —1.688096 1.248405 —0.863035 —2.504448
14.142 0.347545 10.0 0.669166 2.591224 —1.791991 0.988865

A—VALUE — 0.200 ETA = —2,236068 L = 0
0.447 0.447884 1.0 0.267189 —0.230547 0,200725 0.422468 6 180
0.894 —0.186654 2.0 —0.111350 —0.406813 0.368443 —0.083227 7 94
1.342 —0.668542 3.0 —0.398824 —0.133387 0.118312 —0.359491 9 65
1.789 —0.613009 4.0 —0.365695 0.184173 —0.241068 —0.313804 10 50

2.236 —0.144028 5.0 —0.085921 0.340922 —0.446516 —0.080629 11 40
2.683 0.414747 6.0 0.247421 0.294976 —0.397197 0.169717 12 35
3.130 0.765813 7.0 0.456851 0.108862 —0.143252 0.314239 14 30
3.578 0.760264 8.0 0.453541 —0.112429 0.179676 0.306376 14 27
4.025 0.423852 9.0 0.252852 —0.272584 0.426167 0.170015 15 24
4.472 —0.087295 10.0 —0.052077 —0.315866 0.499464 —0.026716 16 22

A—VALUE — 0.200 ETA — —2.236068 L — 1
0.447 0.352790 1.0 0.576367 0.801566 —1.056169 0.602174
0.894 0.707714 2.0 1.156220 0.244060 —0.252486 0.979087
1.342 0.610975 3.0 0.998174 —0.531021 0.701541 0.822631
1.789 0.137871 4.0 0.225246 —0.928151 1.236514 0.204181
2.236 —0.416507 5.0 —0.680464 —0.802134 1.094605 —0.463863
2.683 —0.766890 6.0 —1.252898 —0.301820 0.403201 —0.855591
3.130 —0.765802 7.0 —1.251121 0.298165 —0.478628 —0.840008
3.578 —0.435227 8.0 —0.711049 0.738456 —1.158981 —0.475080
4.025 0.073185 9.0 0.119565 0.864837 —1.372077 0.058878
4.472 0.555068 10.0 0.906838 0.659924 —1.057003 0.547088

A—VALUE — 0.200 ETA — —2.236068 L — 2
0.447 0.057470 1.0 0.699823 1.832099 —24.293641 31.159617
0.894 0.304806 2.0 3.711672 3.925266 —12.281445 4.878293
1.342 0.636330 3.0 7.748707 3.699421 —7.841190 4.814571
1.789 0.846894 4.0 10.312784 1.126228 —2.268677 6.182570
2.236 0.793999 5.0 9.668670 —2.435452 3.937810 5.866806
2.683 0.465932 6.0 5.673740 —5.318868 8.759894 3.475985
3.130 —0.027435 7.0 —0.334079 —6.327195 10.473014 —0.148924
3.578 —0.511608 8.0 —6.229937 —5.112727 8.498059 —3.670391
4.025 —0.819428 9.0 —9.978323 —2.173931 3.580603 —5.865773
4.472 —0.850384 10.0 —10.355285 1.427603 —2.555408 —6.051639



156 AR. BorneO/ CoulombandBesselfunctionsand their derivatives

4.2. High-accuracy lest calculations K
0 a /

4(2i~) — (/2(1 — e2”~)1/2,

(13)
K

1 = 3(1 + a)
1~2K

0,
Test calculationsusingthe high-accuracymode

of COULFG, with ACCUR= ~ are given in K2= 10(1 +4a)’~
2K

1.
table2 and theserepresentthe currentconvenient
accuracylimit of the code.Table2 containsexam- In the table results are given for a = + 2.0 (~=
ples of Bessel functions of order ~s= 1/3 taken —0.7071)anda = +0.2 (~= —2.2361)for a range
from the exceptionalwork of Makinouchi, who of z-valuesand for both forms of the Coulomb
lists in ref. [20] valuesof Yl/3(x) betweenx = 0.01 functions.Theagreementbetweenthe calculations
and x 100 to 30 decimals. It should be noted is exact.
that thesewerecomputedfrom hisvaluesof J1/3(x)

and are not obtained directly as in the present
5. Commentson the program

method. Neverthelessthe agreementis virtually
completewith the maximumdiscrepancybeing in 5.1. Modifications to COULFG

the last digit. At the same time, of course,
COULFG also produces J1/3(x), J~/3(x) and The ultimate accuracy of Steed’s method,
YJ’/3(x) to the sameaccuracy.The calculationof around which COULFG is based, is not that of
Airy functions using COULFG (or KLEIN) and table2 (i.e.~l0~~)but is limited by the effective
Besselfunctionsof order 1/3 is discussedin I and word-length of the computerused. In principle,
also in a subsequentpaperof this series, then, arbitrary accuracycan be achievedwith a

Theequally remarkablecalculationsof Aldis in suitablemultiple-precisionpackage,suchasthatof
1900 [21], who obtainedJ0(x), J1(x), — ~}~(x), Schonfelder[24] or of Brent [25], and thesecould
— ~Y1(x) to 2lD, for x = 0.1 (0.1) 6.0 are il- be exploited to provide an enhancementof
lustrated in table2. A few of his x-values are COULFG or of KLEIN for researchpurposes.
displayedand every digit is correct for his corn- Indeed,suchefforts arebeing madeby the author
plete table.The irregular function is that defined for the F-functionsubroutine[1].
by Heine (ref. [18] p. 65) and is of no particular In normalusewhenthevalueof PACCQ,which
currentrelevance, approximates the resultant relative accuracy,

Finally, a few of the high-precisionresults of becomestoo largefor the applicationin hand,i.e.
StrecokandGregory[21] for A = 0 aregiven; here when x becomessignificantly less than Xm~ then
values for A = 10 are also quoted. The full com- one hasrecourseto variousalternatives:
parisonwasmadein ref. [7]. 1) the integration which was removed from

RCWFN [3], lines 60—67, 107 and 149—182,could
4.3. The results of Curtis for negative~ berestored;

Table3 is a comparisonof someof the results 2) the value of ACCUR could be decreased
of Curtis [23] which are appropriateto electron with the use of extendedprecision(at the cost of
scattering at positive energies.The relation be- significantly greatercomputingtime);
tween the functions of Curtis, PL(a,z), QL(a, z) 3) theasymptoticmethodsexploitedby Bardin
and the Coulomb functions ~ x), ~ x) is et al. [4] could be used;or
given by his equations(2.74)—(2.77) and (6.15)— 4) the JWKB estimatesemployedin KLEIN [2]
(6.16)namely; could be adopted. This last alternative is pro-

grammed in COULFG and the resultantaccu-
PL(a,z) =KL(a) FL(~,x), raciesarein generalbetterthan 1%.

QL( a, z) = KL( a )( 1 — e
2~) GL( ~ .~), (12) To retain high accuracy over an extendedintegration rangeis not really possibleevenwith

where the 4th-order Runge—Kutta method [3], and
improved techniquessuchas thoseof Strecokand

= —a1~2, x=za1~2, z —six, Gregory [22]are required.
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5.2. Integervaluesof theorder computerwith a 48-bit mantissa),the evaluation
of CF2 can be replacedby rather more compact

Since calculationswith A integral are likely to and transparentcoding as is detailedin table4.
be a frequentrequirementit may be convenientto Useis madeof a local arithmeticfunctionCXMOD
detail here the modificationsnecessaryto convert which doesnot usethe square-rootfunction. Cer-
the subroutine to accept integer values of the tam compilers support NON-ANSI DCMPLX
Coulombor Besselorderparameter.Theyaregiven variables,i.e. COMPLEX* 16, andindeedthe IBM
in table4. HX compiler allows extended-precisioncomplex

functions.Suitablechangesfor theseare alsogiven
5.3. Modifications for complex-variableprogram- in the table.
ming

5.4. Single-precisionarrays
In operatingthe codeon a machinewith ade-

quate single-precisionword-length (e.g. a CDC It occasionally happens that restricting the
Coulomb function arraysto REAL *4 accuracyis

Table4 thought to be adequate(though probably not for
Possiblemodificationsto COULFG matching to internal wavefunctions)while their

calculationshouldbe carriedout in REAL *8 van-
- INTEGER VALUES OF THE SHEER .~. ables. For such a situation the only changethat

CHANGE ICLMIN,ALMAX TO LMIN,U(AX AT LINES 55,126,128,137,3S9,310 needsto be madeto COULFG is to avoid the use
CHANGE FORMAT IN LINE 311 TO 2110,1PD15.6
DELETE LINES 71 77,131,132,328 of the storedvalue RL = (1 + si2/A2)1~2,which is
REPLACE LINE 70 DY ‘AND INTEGER LAMBDA GE. 0’
CHANGE LINE 133 TO LXTRA — LMAX — LMIN
CHANGE LINE 138 TO Ml - i.~ + in the array GC, since it is there truncated to

IN CALLING PROGRAM LINE 30 MAKE THE LAMBDA VALUES INTEGRAL BT,FOR
EXAMPLE, CHANGING XJI,XL)JMAX) INTO IOINT)AN),IDINT))05J74AX)) REAL*4. Insteadthevalueshouldbe recalculated

COMPLEX—VARIABLE PROGRAMMING WITH SINGLEPHECISION VARIABLES . at the point where it is requiredin the upward
TO CONVERT COILEG INTO SINGLE PRECISION, DELETE 95,332, CHANGE ‘5’ INTO recurrence;that is, replacein line 288 RL = GC(L
‘U’ EXPONENTS IN LINES 101 - 103,107 & FUNCTION NAMES LISTED IN 100,335

DELETE 02160 & 0.000 IN 337 AND CHANGE DZERG TO ZERO IN 341
FOLLOWING DECLARATION AFTER LINE 97 + 1) by RL = DSQRT(ONE+ EL * EL). This

COMPLEX 01,V.A,BB,OE.OL,PQ,TWOI

modification will preserveREAL *8 accuracyof
INSERT NEIT TWO LINES AFTER LINE 106 — DATA & LOCAL ARITHMETIC FUNCTION

DATA C1,TWOI / )1.OEO.O.OEO) , )0.OEO,2.OEO) / the irregular functionsuntil the final truncationby
CIO4OD)PQ) ADS) REAL) P5)) + ANSI AOMAG( PQ))

NOTE THAT SINGLE PRECISION CONSTANTS AND FUNCTIONS ARE USES storage.In this respectthe coding in COULFG is
REPLACE LINES 215 — 242 DY THE NEXT 15 LINES

EQ - CMPLX(ZERO.ONE - ETAVAI) superiorto that in RCWFN.
All — (‘MPLX) —E2MMI ETA)
88 — CMPLX)TWO’)X — ETA),TWO)

SD — Cl/RB
DL - AA~DD~CMPLE)ZERO,XI)

8PQ PQ+DL
P6 — FE * TWO
AN - HAG CMPLX) PR WI) References
RB — BA 0 TWOI
SD — C1/)AA*DD + AN)
DL — DL~)BB*DD — Cl)

IF)PK .OT. TA) GO TO 120
IF)CI0400)DL) GE. CIO400)PQ)ACC) SO TO 8 [1] AR. Barnett,Comput.Phys.Commun.21 (1981) 297.

P - REAL )PQ + DL) [2] AR. Barnett,Comput.Phys.Commun.24 (1981) 141.
I — AIMAG)PQ + DL)

REPLACE OUTFIT LINES 319,324 BY NEXT TWO LINES [3] AR. Barnett,D.H. Feng,J.W. SteedandL.J.B. Goldfarb,
WRITE 6,2020) ABORT,PQ,DL,ACC Comput.Phys.Commun.8 (1974) 377.
WRITE )6,2035) PQ,ACC,LXTRA,M1

[4] C. Bardin, Y. Dandeu,L. Gauthier, J. Guillermin, T.
Lena,J.-M. Pernet,H.H. Wolter andT. Tamura,Comput.

NON—ANSI DOUBLE—PRECISION COMPLEX VARIABLES

Phys.Commun.3 (1972) 73.
CHANGE FUNCTION TYPES ABOVE COMPLEX , CMPLX. ABS. REAL,AIMAG [5] AR. Barnett,Comput.Phys.Commun.Il (1976) 141.

BECOME COMPLEX*16 , DCMPLX DABS DREAD, DIMAG
[6] D.H. Fengand AR. Barnett,Comput.Phys.Commun.10

NOTE THAT EXTENDED—PRECISION WITH COHPLEX~32 VARIABLES ID AVAILABLE (1975)401.
ON THE IBM HE COMPILER SIMPLE BY THE USE OF THE A0YODOUBLE FACILITY

A SUITABLE ACCUR IS THEN 10”(-33) FOR TEE 112-BIT MANTISSA D.H. Feng,AR. Barnett andL.J.B. Goldfarb,Phys.Rev.
MARE SIIRE THE EXPONENTS OF LINES 102, 103 READ ‘QO’

13C (1976)1151.
[7] AR. Barnett, J. Comput.Appl. Math. 8 (1982)29.

•~. SF RESULTS OF DOUBLE—PRECISION CAI.CULAPIONS ABE TO BE STORED IN

SINGLE-PRECISION ARRAYS [8] AR. Barnett,J.Comput.Phys. 46 (2) (1982).
[9] KS. Kolbig, Comput.Phys.Commun.4 (1972)214.

REPLACE LINE 288 WHICH EXTRACTS RI FROM STORAGE)NOW SINGLE PRECISION) BY
OF) ETANEO) RI - DSQRT( ONE + EL*EL) [101 L.W. Fullerton, Bell. Lab. Comp. Sci. TechnicalReport

- - - 86, unpublished(1980).
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[11] A numberof important errors in ref. [1] should be cor- eds.M. Abramowitzand IA. Stegun,N.B.S.Appl. Math.
rected: Series55 (US Govt. Printing Office, Washington, 1965)
a) the quantityFLMAX after eq. (25), before eq. (34), and chap. 9, p. 358.
in section 5 should be read as sign(F,~); [17] HA. Antosiewicz,ibid, chap. 10, p. 435.
b) in theupwardrecurrencerelationseq. (26), (36), for the [18] G.N. Watson, A treatise on the theory of Bessel functions,
quantity S

5readS5÷1 2nd ed. (CambridgeUniv. Press,London,1966).
c) the angularmomentumterm in squarebracketsin eq. [19] G. Blanch, SIAM Rev.6 (1964)383.
(46) is indeednegative. [20] 5. Makinouchi,Techn.Repts.OsakaUniv. 15 (1965) 185.

[12] l.A. Stegun and M. Abramowitz,Phys. Rev. 98 (1955) [21] W.S. Aldis, Proc. Roy. Soc. LXVI (1900) 32.
1851. [22] A.J. Strecokand J.A. Gregory,Math. Comput.26 (1972)

[13] M. Abramowitzand P. Rabinowitz,Phys.Rev. 96 (1954) 955.
77, [23] AR. Curtis, Royal Society Math. Tables, vol. 11 (Cam-

[14] L.C. Biedenharn,R.L. Gluckstern,M.H. Hull and G. bridgeUniv. Press,London, 1964)p. 92.
Breit, Phys.Rev. 97 (1955) 542. [24] J.L. Schonfelder,MLARITHA, University of Birming-

[15] E.H. Auerbach,Comput.Phys.Commun. 15 (1978) 165. ham,unpublished.
[16] F.T.W. Olver, in: Handbookof mathematicalfunctions, [25] R.P. Brent,ACM Trans. Math. Software4 (1978) 57.
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TESTRUN OUTPUT
TEST OF THE )U.WCHESTER COULON! WAVE?UNCTIOW P90GRN( - COULFG

ETA X F 0 PP OP N?P IIPQ PACCQ

—50.000 5.000 0.0 1.522369757140—01 4.41610690236D—01 2.030910411660+00 —6.7641537476’7D—01
—50.000 5.000 10.0 —3.611143602180—01 3.315883246110—01 1.338467510320+00 1.51018162814D+00
—50.000 5.000 50.0 4.20286913301D—23 1.321861360310+21 3.830280288560—22 —1.174705962130+22 7 45 5 D—17
—50.000 50.000 10.0 ~2.77129451O57D-O1 —7.105194414530—01 —1.220666103710+00 —4.787610659840—01
—50.000 50.000 20.0 7.558762947970—01 —1.512110096560—OI —2.523606025890—01 —1.272460374620+00 91 14 5 D—17

—4.000 5.000 0.0 4.078627230060-01 6.743270353830—01 1.098212336360+00 —6.361104272800—01
—4.000 5.000 5.0 2.836578341390—01 —8.701892966140—01 -1.045449953790+00 -3.18202528554D—O1
—4.000 5.000 10.0 7.219855215600-02 S.280034180540+00 1.100843530230—01 —5.799981555600+00 ii 21 5 0—17
—4.000 50.000 50.0 1.595339960510+00 —5.153101386750—03 —9.642997126910—02 —6.265465073230—01
—4.000 50.000 100.0 3.141791623470-19 9.37711817111D+17 5.374895018150—19 —1.578552648660+18 13 28 1.0-11
10.000 5.000 0.0 1.720740513580—06 1.6763804303301.05 3.097590657820-06 —2.793715613790+05
10.000 5.000 5.0 1.319256599270—07 1.849163259240+06 2.104525627560—07 —3.651773298600+06
10.000 5.000 20.0 4.042827167740—18 2.779715051090+16 1.837782347980—17 —1.210372426530+17 I 61 2.0—06
10,000 50.000 30.0 —3.526354364300-01 —1.397317501740*00 -6.644367519320-01 2.029600270690—01
10.000 50.000 50.0 5.767291011270-03 1.342268180620+02 3.895654954300—03 —1.272491023690+01 22 20 1.0—16

100.000 1000.000 0.0 —1.655813119750-01 -1.044325962940+00 -9.340632730970—01 1.481657113300—01
100.000 1000.000 50.0 -‘1.027288837660+00 2.539639042130—01 2.268559132700—01 9.173532644980—01
100.000 1000.000 100.0 9.362706079510—01 -4.995542531640-01 —4.431619646320-01 —9.320111923200—01 869 6 6.0—17

JWKB £ERIIPNZS CAI
1CULATIOIIS OF BARDEN NT AL.

100.000 1.000 0.0 9.012156595550—03 3.931223869320+00 1.294583110230—01 —5.441974584840+01
100.000 1.000 5.0 1.075334834390—03 3.071073116770+01 1.658646391220—02 —4.5624632447501.02
100.000 1.000 10.0 4.720137825400-06 ~ .023364406570+03 8.461483867500—05 —1.031812870720+05
100.000 1.000 30.0 7.101430422530—26 2.095196118480+23 2.418116829950—24 —l.94521045033D+24 5 0 1.0+00

IE~ — 123 F.FP 10(-I~) GOP 10”(IW)

100.000 5.000 0.0 1.635408650260—02 4.895231246950+00 1.029797070850—01 —3.032211673810+01
100.000 5,000 20.0 4.772755048540-08 1.402304395120+06 3.597039736370+07 —1.038313647370+07 12 0 1.0+00

— 108 F.FP 10~(-I~) G.GP •10”(I~)

100.000 50.000 0.0 1.704240822620-54 1.693844773560453 2.963215416440—54 —2.922375840110453
100.000 50.000 20.0 4.53710631413D-56 6.191415067140-54 8.106657037440—44 —1.0977I631121D+55 31 0 1.0400

10.000 5.000 30.0 3.207357~47O1D—28 2.451513797190+26 2.065104222040—27 —1.534981336310+27
10.000 5.000 50.0 2.151397245000—52 2.267953137560+50 2.225940227010—51 —2.30160742729D+31 6 0 1.0+00
—4.000 5.000 30.0 4.631969835540—19 1.834945406220+17 2.77366201877018 —i .060121131140+18
—4.000 5.000 50.0 4.434233400670—43 1.130935105550+41 4.461263634070—42 —1.116071434530+42 6 0 1.D+00

500.000 0.001 0.0 1.150070192740-05 7.51139667969D+00 1.113832604040—02 —5.464903833140+03 5 0 1.0+00
— 679 FF9 10”(-2W) G.GP 10”(IW)

500.000 0.025 0.0 4.172161220250—04 5.113756174410+00 1.027221171300—0i —9.763194317320+02 10 0 1.0+00
— 676 F,?? 10’(-I~) 0,09 10”(1E~)

OTHER TEST ERAI~IZS OP C0UL(1~F5~C?I0N3

2.000 10.000 0.0 —1.061608620470+00 -3.99306641097D—O1 —2.935304537840—01 8.315600696560—01
2.000 10.000 5.0 —1.657373175360—01 —7.461932214120-01 —S.SS’780527035D—01 6.744989704420—01 23 15 ID—i?
4.000 10.000 1.0 1.3734378563101.00 5.23328665151D—01 1.37~924I02~40—0i —6.755191444740—01
4.000 10.000 4.0 l.196993105610—01 1.561610244440+00 3.43015462667D—01 —5.217977372770—01 18 21 1.0+16
5.000 10.000 0.0 9.179449189460-01 1.601524555100+00 3.31032101~3iD—01 —5.063189424440—01
5.000 10.000 1.0 1.532001934070-01 1.7OI71~32005D+00 3.292955177330-01 —5.12571455113D—0i
5.000 10.000 7.0 8.947764339050—02 7.633111716900+0O 7.46133154652D—02 —4.110131344910+00 16 26 2.0416

10.000 10.000 0.0 1.626271129030-03 3.071732166010+02 1.701047132090—03 —2.919277238010402
10.000 10.000 7.0 9.92170127105D—05 4.032946240690+03 1.29~59i~15760—04—4.13310570171D+03
10.000 10.000 10.0 1.113129605410—06 4.216302751940+04 1.224460042330—05 —5.191949242450+04 14 40 4.0-12
25.000 10.000 0.0 1.541317132100-16 1.614237188400+15 3.145706321950-il —3.17114161761D+15
25.000 10.000 1.0 1.427610675610—16 1.746451700910415 2.907105708370—16 —3.4477236328301.15 21 0 1.0+00
5.000 5.000 0.0 2.767301116160—02 1.119349444400+01 3.036001204860—02 —1.447623962010+01
5.000 5.000 1.0 2.22669570731D—02 2,172621446260+01 2.5317049714iD—02 —2,020733174440+01
5.000 5.000 19.0 1.565915501290-13 7.930979630190411 6.461001730740—13 —3.113101429200+12
5.000 5.000 20.0 1.113426401210—14 6,290760349910+12 8.136525326440—14 —2.591122492190+13 I 45 1.0—14
4.000 6.000 0.0 2.944492156200-01 3.013713813290+00 2.091733959360-01 —1.255213413890+00 17 35 2.0-11
4.000 7,000 0.0 5,515$2922742D—0j 2.116485133640+00 3.019345347350-01 —6.54407510471D”Ol 18 31 6.0-17
4.000 9.000 0.0 1.824526544490—01 1.55210115i540+00 3.46661242351D-’Ol —5.232724542310401 19 27 2.0—16
1.000 0.600 0.0 1.070968944470—01 2.792440386850+00 2.51925443598001 —2.769644397700+00 7 166 4.0411
1.000 3.000 0.0 1.01405261420D+00 6.270395141190—01 3.01916715121D—01 —7.478291940010—01 13 38 S.D—17
1.000 6.000 0.0 —1.671133671490-05 —1.090131511210+00 —1.944049926510-01 1.51037110141D-01 19 20 6.0417
1.995 1.200 0.0 4.344229205970402 7.468427811200+00 8.075795069000—02 —9.13543411613D+00 9 103 3.0415
3.981 2.400 0.0 5.623997998250-03 5.825403557380+01 9,436423441380403 —S.00151629152D+0i 11 70 2.0413

18.564 116.790 0.0 —2.197133654190-01 —1.018202157060400 —I.90272795101D—01 1.12537106910001
19.564 116.790 30.0 1.060716457590+00 3,887364472230—01 3.029170937660—01 —I.31744436652D—0i
19.564 116.790 60.0 —1.232634046270+00 —1.867075616060-01 —1.146899348440-01 7.93898678641001
18.564 116.790 80.0 —8.252102760640—01 1,229231271920+00 5.714101164010’Ol 3.60641015561D—01
18.564 116,790 100.0 5.026519137120—01 4.210531119290+00 1.449493932170-01 —7.752100S66210’Ol
18.564 116.790 120.0 6.106418185290—05 1.325126213820+04 3.15720415185D-05 —I.00516627111D+03
18.564 116.790 140.0 5.599929839950—11 1.02017306246D+10 4.94112316777D—i1 —I.S31115424040+09
19.564 116.790 160.0 1.47216171729011 3.090727015420+17 1.12144530136D—IS —3.372276117790+2.7
18.564 116.790 190,0 2.147223400270—27 1.712570942660+26 2.91166160496D—27 —2.317193027410+26
18.564 116.790 200.0 2.645728967640—37 I.255611616970+36 3.997433848640—37 —1.11244426253D+36 15 8 6.0—17

-4.000 5.000 0.0 4.078627230060-01 6.743270353830-01 1.09121233136D400 —6.361104272100—0i
-4.000 5.000 1.0 —6.422563291430—01 —4.672042101490—01 —7.519129630400—01 1.004945594530400
-4.000 5.000 2.0 7.989574143740—01 —1.151212131660—01 —1.577969479440—01 —1.22119431433D4’OO
-4.000 5.000 3.0 —2.568630935580—01 7.979899223930—01 1.143Z294Z201D+00 3,15390517111D—0i 17 21 5.0417

CYLINDRICAL lESSEN. FUWCTIOIIS AIRIIENWITE I STEGUN PA~3 407 - 408

0.0 1.000 0.0 7,651976865580-01 9.925696421570—02 —4.400505157450—01 7,112128213000-01
0.0 1.000 10,0 2,630613123690-10 —1.216180142790+08 2.611635036220-’Ol 1.209399937150+09
0.0 1.000 30.0 3.482869794250—42 —3.048128793230+39 1.04429904344040 9,139129336150+40
0.0 1,000 40.0 1.10791515i130—6O —7.184874796800+57 4.430312091410—59 2.17302182541D+59 4 85 S.D—I?
0.0 2.000 0.0 2.238907791410—01 5.103756726500—01 —5.767248077570—01 1.07032431541001
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0.0 2.000 10.0 2.515386292710—07 —l.291e4s422o80+os 1.234650293770—06 6.313628815640+05
0.0 2.000 30.0 3.650256266470—33 —2.913223848220+30 5.463597496250-32 4.359777769720+31 0417
0.0 2.000 5Ô.0 3.22409N83944D—65 —1.976150576520+62 8.053915456510-64 4.936341764750+63 4 45 5.
0.0 5.000 0.0 —1.,7596771325U—01 —3.U85176251,90—01 3.275791375910-01 —1.479631433910—01
0.0 5.000 10.0 1.467802647310-03 —2.512911009560-01 2.584677844850-03 4.249433700280+01
0.0 5.000 30.0 2.671177278250-21 —4.029568418550+18 1.581027209450—20 2.382140344740+19
0.0 5.000 50.0 2 .294247615950—45 —2 .798837017580+42 2 .282974676520—44 2.774570240370+43 6 19 5 .0—17
0.0 10.000 0.0 —2.459357644510—01 5.N6711672836D—02 —4.347274616990—02 —2.490154242070—01
0.0 10.000 10.0 2.074861066330—01 —3.598141821830-01 8.436957863180—02 1.605148863780-01
0.0 10.000 30.0 1.551096078260—12 —7.256142316100+09 4.396478752000—12 2.047616660740+10
0.0 10.000 50.0 1.784513607870—30 —3.641066501800+27 9.745935255290—30 1.782975776230+28 ‘7 10 5.0-17
0.0 50.000 0.0 5.581232766930—02 —9.806499547010—02 9.751192812520-02 5.679566856200—02
0.0 50.000 10.0 —1.138478491490—01 5.723897182050-03 —4.422991214080—03 —1.116145747830—01
0.0 50.000 30.0 4.843425724550—02 —1.164572349350-01 9.245337528610—02 4.058142135060-02
0.0 50.000 100.0 1.115927369090—21 —3.293900118200+19 1.936503209250-21 5.693865916650+18 13 4 5.0—17
0.0 100.000 0.0 1.998585030420—02 —7.724431336510—02 7.714835201410-02 2.037231200280—02
0.0 100.000 10.0 —5.473217693550—02 5.833187423640—02 —5.776354371250-02 —5.475315350580—02
0.0 100.000 30.0 8.146012958120—02 6.138139212010—03 —6.303765890120-03 7.767603551550-02
0.0 100.000 100.0 9.636667329590—02 —1.669216114180-01 1.887725202720—02 3.336402577420—02 34 3 5.0—17

SPHERICAL BESSEL FUNCTIONS ** ABRAW1WITZ~ STEGUN PAGES 465 - 466

0.0 1.000 0.0 8.414709848080—01 —5.403023058680—01 —3.011696789400—01 1.381773290680+00
0.0 1.000 10.0 7.136552640050—11 —6.722150082560+08 7.085557121500-10 7.358875042390+09
0.0 1.000 30.0 8.566831266980-43 —2.946428547500+40 1.66916554020D—41 9.129933064670+41
0.0 1.000 40.0 1.931210374240—61 —8.02845015085D+5I 6.150917968700—60 3.290648422130+60 4 1 5.0—17
0.0 2.000 0.0 4.546487134130—01 2.010734182740—01 —4.353977749900-01 3.806120042760-01
0.0 2.000 10.0 6.825300164970—08 —3.554147200850+05 3.352881716370-07 1.916892030380+06
0.0 2.000 30.0 5.836617887520—34 —1.407393871040+31 8.736379782130—33 2.176683984910+32
0.0 2.000 50.0 4.011575290340—66 —1.235021944370+63 1.002114447620—64 3.146809926170+64 4 1 5.0-17
0.0 5.000 0.0 —1.917848549330—01 -5.673243709260—02 9.50194080792D—02 —1.804393675140—01
0.0 5.000 10.0 4.073442442490—04 —2.665611440570+01 7.219423781240—04 5.095400675820+01
0.0 5.000 30.0 4.282730217300-22 —7.760717569760+18 2.535438205150—21 4.745379499310+19
0.0 5.000 50.0 2.857479350440-46 —6.96410918127D+42 2.843575810310—45 7.068127047460+43 6 1 5.D—17
0.0 10.000 0.0 —5.440211101190—02 8.390715290760—02 —7.946694179880—02 —6. 27928263797D—02
0.0 10.000 10.0 6.460518449260—02 —1.72453672011D—01 2.903073960670-02 7.729324990580—02
0.0 10.000 30.0 2.512057385000—13 —6.90131864609D+09 7.127208777620—13 2.020773559360+10

0.0 10.000 50.0 2.230696023220-31 —4.828227272350+27 1.093486799470-30 2.263169522040+28 7 1 5.0-17
0.0 50.000 0.0 -5. 247497074080—03 —1.929932044980-02 1.940427051130-02 —4.861510662680-03
0.0 50.000 10.0 —1. S0392214635~02 1.352461751120-02 —1.291629152870—02 —1. 498156664200—02
0.0 50.000 30.0 -1.49467345361D-03 —2.241226812050—02 1.780704395400-02 —6. 046514496470—04
0.0 50.000 100.0 1.019012262930—22 —1.12569219133D+1l 1.76984656820022 1.970237623700+18 13 1 5.0-17
0.0 100.000 0.0 —5.063656411100—03 -1.623118722880—03 8.673825286990—03 —4.977424523870—03
0 0 100.000 10.0 -1. 956578597140—04 1.002577737360—02 —9.968824145450—03 —2.953940826280—04
0.0 100.000 30.0 8.700628814450—03 —5.412929348870—03 5.063669360350-03 8.343157667960—03
0.0 100.000 100.0 1.01804770114O—02 -2.29831504916D—02 2.287300438010—03 4.359094617140—03 33 S 5.0—17

BESSELS WI1’U ONDER 1/3 •** WATSONTABLE III PAGES 716 - 729

0.0 0.240 0.3 5.46408741152D—01 —1.376179735220+00 7.094951393910—01 3.0676477617501.00 4 319 5.0-17
0.0 0.500 0.3 6.728308294980—01 —8.40627126043D—01 3.197902901500—01 1.692819419530+00 6 160 5.0—17
0.0 1 .000 0.3 7. 301764021690—01 —2.711016412760—01 —5.528517526740—02 8.921253553060-01 8 83 5.0-17
0.0 2.000 0.3 4.4293911$1490—01 3.431999662600-01 —4.56131918066D—0i 3.652031681630—01 10 43 5.0—17
0.0 4.000 0.3 —3.554273734550—01 1.794167663440-01 —1.360394818200—01 —3.791131163000-01 15 22 5.0—17
0.0 5.000 0,3 —3 .06420463100D—01 —1.819232112930—01 2.121909802630—01 —2. 891260674630—01 16 18 5.0-17
0.0 8.000 0.3 2.447761611010401 1.095877946340—01 —1. 25906314515D’-Ol 2.532167241830—01 22 12 5.0—17
0.0 10.000 0.3 —1.441451670490—01 1.70201i1’7813D—O1 —1.610228752240—01 —1.947711264490—01 25 10 5.0—3.7
0.0 16.000 0.3 —1.041626861070401 1.70082756211D—01 -1.66175284009D—01 —1.09503010113D—01 33 7 5.0—17

ILAIICH TEST OF RECUR~ICZ7~U~ ¶~ ZESO OF 55 WEAR X — 8.7714838

0.0 9,771 0.0 —3.167625126970—02 2.673190513670—01 —2.659450115570—0N. —4.691708928340—02
0.0 9,771 1.0 2.65945011557D—01 4.691701928340—02 —6.199583220860—02 2.61970231211D—01
0.0 8.771 2.0 9.231411314150—02 —2.566214110700—01 2.441962331940—01 1.05429’746189D—01
0.0 8.771 4.0 —2.454342109550—01 1.444791082760—01 —1.119236950740—01 —2.244212251130—01
0.0 8.771 5.0 9.917111407940—09 2.957140472720-01 —2. 454342131880—01 —2. 40164726992D—02
0.0 9.771 6.0 2.454342154210—01 1.926520506540—01 —1.67915535173D—01 1.639333439970—01
0.0 8.771 10.0 1.071258469630—01 —6.032856740720—01 7.117036646000—02 2.749088716450—01
0.0 8.771 14.0 2.926648736650-03 —1.002511425510+01 3.73421850293D—03 1.200771956020+01
0.0 8.771 18.0 1.990042809770—05 —1.011533U05180+03 3,59162493115D—05 1.805244230050+03
0.0 8.771 20.0 1.11736213101D—06 —1.544711885070+04 2.303788795610—06 3.226061684090+04 10 11 5.0—17

0.0 1,000 100.0 8.458708668310—04 —3.763306457680+00 8.45821991019D—02 3.763085057660+02 3 0 1.0+00
NW — 185 F,FP ‘lO”(—IW) 0,09 10’(IW)

0.0 2.000 100.0 1.064246212310—03 —2.991852723470+00 5.320177600040-02 1.495461820650+02 4 0 1.0+00
OW — 155 ?.FP 10~(—IE]~) 0,09 *j5**(~~)

WMP1ZS OF ERSOR CONDITIONS

CF2 HAS FAII~ TO CONVERGE ASTER 20000. ITERATIONS
P.Q.DP.DQ,ACCUR — 2,16517190+02 9.25138550+02 1.18382760—08 —2.30276050-08 1.0000-16

IFAIL — 2 J)Q.X,!pIq — 1 0 0.0010 -500,0000 0.0 0.0

FOR ZE - 1.0000-08 TRY SWALI,-X 30L4?110183OR X NEGATIVE
SQUARE ND0T ACCURACYPARAMETER — 1. 000D—O8

IFAIL — -1 JWAX,PPN — 1 0 0.0000 -500.0000 0.0 0.0

FOR ~ - -2.0000+04 TRY SW.LL-X SOWTIOI8S OR X NEGATIVE

SQUARE ~OT ACCURACYPARAMETER - 1.0000-08
IFAIL — —1 jWAX,~~8— 1 0 —20000.0000 1.0000 0.0 —2.2000

FOR ~( - -5.5000+01 TRY SWALL-X SOLIJTIO88S OR X NEGATIVE
SQUARE NDOT ACCURACYPARAMETER — 1.0000-08

flAIL — -1. JIQIX,E99 — 1 0 —55.0000 0.0 0.0 1.0000
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PROGRAMLISTING

//ARTcXJCP’.T’~F3 (.1172.10,AR, R’~MANC’ ), 13ARNETT,HSGLEVEL=~(1,1 ),NOTIF’Y=AR ABNK0001
/1 EXEC FFIXCLr,, ABNK0002
// PARN.C=’SOtJRCE,XREF’,MAP’,REc;ION.G=lBoK,TIME.G=(O,59) ABNK0003

//C. SYSIN DD ABNK0004
IM~1,ICtT REAT.’8(A—f1,o—z) ABNX0005

C 1.10 MAIN PROGRAM TO TEST COULOMB WAVEFIJNCTIONS MANCHESTER JUNE 1981 ABNK0006
DIMENSION F’C(1200),GC(1200),FCP(1200),GCP(7200),XX(2].),XI,(1O) ABNX0007
DTMENS ION NJ( 2] ) , TEXT( 9) ABNX0008

COMMON /STEED/ PACCQ,NFP,NPQ, IEXP,M1 ABNK0009
DATA NJ / 40,350,2F100,15*O/ , ONE /1.ODO/ ABNKOO1O
WRITE( 6, 1) ABNKOO11
MODE = 1 ABNKOO12

10 READ( 5,2) ETA, N, (XL( I ), 1=1, 10), )Q4,KFN ABNKOO13
IF(N EQ. 0) STOP ABNKOO14
REA[)( 5,3) (XX(I ),I=1,N) ABNXOO15

IF(KFN .LT. 0) READ (5,4) (TEXT( I), 1=1,9) ABNXOO16
IF(KFN ST. O)WRITE(6.6)(TEXT(I),I=1,9) ABNKOOI7

DO 60 I ],N ABNKOO18
= 1 ABNKOO19

00 20 3 2,10 ABNXOO2O
20 TF(XL(J) .GT. XM ) JMAX = J ABNXOO21

IF(XL(1O) bE. —ONE) XL(JMAX) = NJ(I) ABNXOO22
KFN = IABS(KFN) ABNXOO23

1F”(KFN EQ. 4) KFN 0 ABNKOO24
IF( KFN .ME. 3) GO TO 30 ABNKOO25

JMAX = 1 ABNKOO26
XL( 1) = ONE/XM ABNKOO27
XM XL( 1) ABNKOO2 8
KFN = 2 ABNKOO29

30 CALt~ COULFG(XJC(I),ETA,)O~,X1.(JMAX),FC,GC,FCP,GCP,MODE,K.FN,IFAIL) ABNKOO3O
IF(IFAIL .ME. 0) WRITE(6,7) IFAIL,JMAX,KFN,XX(I).ETA,)U4,U.,(J’MAX) ABNKOO31
IF(IFAIL .ME. 0) GO To io ABNKOO32

])“(JMAX EQ. J) GO TO 50 ABNKOO33
00 40 KX 2,JMAX ABNKOO34

K Ml. + IDINT(XL(KK—1) — XM) ABNKOO35
40 W’RITE(6,R) ETA,XX(I),XL(Kx—1),FC(K),GC(K),FcP(K),Gcp(K) ABNXOO36
50 K = Ml + IDINT(XL(JMAX) — EM) ABNKOO37

WRITE(6,R) ETA,)O((I),XI.(JMAX),FC(K),GC(K),FCP(K),GCP(K), ABNXOO38
NFP,NPQ,PACCQ ABNKOO39

60 IF’( £EXP .0’!’. J ) WRITE(6,9) IEXP ABNKOO4O

GO TO 10 ABNXOO41
1 FORMAT( 1111 , 35X, 61H TEST OF THE MANCHESTER COULOMB WAVEFUNCTION PROABNKOO42

*Gp,~J~- COULFG//,5X,4H ETA,6X,4H X ,6X,211X5,J.OX,2H F,18X,2H G, ABNKOO43
E]RX,2HFP,19X,211Gp,1IX,I6HNFP MPQ PACCQ/) ABNKOO44

2 F0RMAT(F]O.3,I5,3lF~.O,I2) ABNKOO45
7 FC)RMAT( 71’] 0. 3) ABNKOO46

4 FORMAT(9A8) ABNKOO47
5 FORMAT( /) ABNKOO4O
6 FORMAT(/28X,9A8/) ABNXOO49
7 FORMAT(1X, ‘IFAIL =‘ ,I10, ‘ J1(AX,KFN ‘,214,4F12.4) ABNKOO5O
8 FORIIAT(1X,F9.3,F1O. 3,F8.1,1P4D20.11,216,D9.O) ABNKOO51
9 FORI4AT(12X,13H ~“~“ IEXP ,16,31H F,FP B1O**(_IEXP) G,GP ~ ABNKOO52t,6H(IEXP)/) ABNKOO53

END ABNKOO54
SUBROUTINE COtflFG(XX,ETA1,XLMIN,XLMAX, FC, GC,FCP,GCP, ABNKOO55

MODE1,KFN,IFAIL) ABNKOO56
C ABNKOOS7
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCABNKOO58
C CABNKOO59
C REVISED COULOMB WAVEFUNCTION PROGRAM USING STEED’S METHOD CABNKOO6O
C CABNKOO61
C A. P. BARNETT MANChESTER MARCH 1981 CABNKOO62
C CABNKOO63
C ORIGINAL PROGRAM ‘RCWFN’ IN CPC 8 (1974) 377—395 CABNKOO64

C + ‘RCWFF’ IN CPC 11 (1976) 141—142 CABNKOO65

C FULL DESCRIPTION OF ALGORITHM IN CPC 21 (1981) 297—314 CABNKOO66
C THIS VERSION WRITTEN UP IN CRC lOt (1982) YYY—ZZZ CABNKOO67

C CABNKOO68
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C COULFG RE’rURNS F,G,F’ ,G’, FOR REAL XX.GT.O,REAL ETA1 (INCLUDING 0), CABNKOO69

C’ AND REAl LAMBDA(XLMUN) .GT. -l FOR INTEGER-SPACED LAMBDA VALUES CABNXOO7O

C TITUS GIVING POSITIVE—ENERGY SOLUTIONS TO THE COULOMBSCHRODINGER CABNKOO71
C EQUATION, TO THE KLEIN -GORDON EQUATION AND TO SUITABLE FORMS OF CABNKOO72
C TIFF DTRAC EQUATION ,ALSO SPhERICAL & CYLINDRICAL BESSEL EQUATIONS CABNKOO73

C CABNKOO74

C FOP A RANGE OF LAMBDA VALUES (XLMAX — XLMIN) MUST BE AN INTEGER, CABNXOO75

C STARTTNG P.RRAY ELEMENT IS Ml MAXO(IDINT(XLMIN+ACCUR),O) + 1 CABNKOO76
C SEE TEXT FOP. MODIFICATIONS FOR INTEGER L—VALUES CA.BNKOO77

c CABNKOO78

C IF ‘MODE 1 GET F,G,F’ ,G’ FOR INTEGER—SPACEDLAMBDA VALUES CABNKOO79

C = 2 F,G UNUSEDARRAYS MUST BE DIMENSIONED IN CABNXOO8O

C = 3 F’ CALL TO AT LEAST LENGTH (1) CABNKOO81
C IF ‘l(FN’ = 0 REAL COULOMB FUNCTIONS ARE RETURNED CABNKOO82

C 1 SPHERICAL BESSEL “ “ “ CABNKOO83

C 2 cYLrNDPICAL BESSEL “ “ “ CABNKOO84

C THE USE (0’ ‘MODE’ AND ‘KEN’ IS INDEPENDENT CABNKOO85

CABNKOO86

C PRECISIoN: RESULTS TO WITHIN 2—3 DECIMALS OF ‘MACHINE ACCURACY’ CABNKOO87
C IN OSCILLATING REGION X ,GE. ETA1 + SQRT(ETA1**2 + XLM(XLM+1)) CABNKOO88

C COULFG IS CODED FOR REAL*8 ON IBM OR EQUIVALENT ACCUR = 1O**_16 CABNKOO89

C USE AU’rODB[, + EXTENDED PRECISION ON HE COMPILER ACCUR = 1O**_33 CABNKOO9O

C FOR MANTISSAS OF 56 & 112 BITS. FOR SINGLE PRECISION CDC (48 BITS) CABNKOO91
U REASSIGN DSQRT=SQRT ETC. SEE TEXT FOR COMPLEXARITHMETIC VERSION CABNKOO92

(c:cCc(’cCccccc:CCCCcCCccCCCCCCCcCCCCCCcccCCCCccCCCCcccccCCCccccCCCCcccccCABNKO093

C ABNROO94

IMPLJCI’r REAL”8 (A—H, O—Z) ABNKOO95
DIMENSIoN FC(1),GC(l)~FCP(1),GCP(1) ABNKOO96

LOGtCAL ETANEO,XLTURN ABNKOO97
COMMON /STEED/ PACCQ, NFP,NPQ, IE~ ,Ml ABNXOO98

(0~* COMMON BLOCK IS FOR INFORMATION ONLY. NOT REQUIRED IN CODE ABNXOO99
C*** COULFG HAS CALLS TO: DSQRT,DABS,DMOD,IDINT,DSIGN,DFLOAT,DMIN1 ABNKO100

DATA ZERO,ONE,TWO,TEN2,ABORT /0.000, l.ODO, 2.ODO, 1,0D2, 2,0D4/ ABNKO1O1
DATA HALF,TM3O / 0.500, l.OD-3O / ABNKO1O2
DATA RT2DPT /0.79788 45608 02865 35587 98921 19868 76373 DO! ABNKO1O3

C THIS CONSTANT IS DSQRT(TWO/PI): USE QO FOR IBM REAL*16: DO FOR ABNKO1O4
C ‘*‘ REAI

08 & CDC DOUBLE P: EO FOR CDC SINGLE P; AND TRUNCATE VALUE. ABNICO1O5

C ABNKO1O6

ACCUR = I.OD-16 ABNKO1O7

~ CHANGE ACCUR TO SUIT MACHINE AND PRECISION REQUIRED ABNXO1O8

MODE = 1 ABNKO1O9
IF(MODE1 EQ. 2 OR. MODEl EQ. 3 ) MODE = MODEl ABNKO11O

IFAIL = 0 ABNKO111

IEXP = 1 ABNXO112

NPQ = 0 P~BNK0113

ETA = ETA1 ABNKO114
GJWKB ZERO ABNKO115

PACCQ = ONE ABNKO116
IF(KF’N .ME. 0) ETA = ZERO ABNXO117

ETANEO = ETA NE. ZERO ABNKO118

ACC ACCUR ABNKO119

ACC4 = ACC*TEN2*TEN2 ABNKO12O

ACCH = DSQRT(ACC) ABNI(0121
C ~ TEST RANGE OF XX, EXIT IF.LE.DSQRT(ACCUR) OR IF NEGATIVE ABNICO122

C ABNKO123

IF(XX bE. ACCH) GO TO 100 ABNRO124

X = 101 A8NK0125

XLM XLMIN ABNKO126

IF(KFN .EQ. 2) XLM XLM — HALF ABNKO127
IF(XLM I.E. -ONE OR. XLMAX .LT. XLMIN) GO TO 105 ABNKO128

E2NM1 ETA~ETA + )rT~M*XLM + )a.M ABNKO129

XLTURN= X*(X -. TWO*ETA) .LT. XLM*XLM + XLM ABNKO].30
DELI = XLMAX - XSMIN + ACC ABNKO131
IF(DABS(DMOD(DELL,ONE)) .GT. ACC) WRITE(6,2040)XLMAX,XLMIN,DELL ABNXO132

LX’TRA IDINT(DELL) ABNXO133

XLL = XLM + DFLOAT( LXTRA) ABNXO134
C ~ LXTRA IS NUMBER OF ADDITIONAL LAMBDA VALUES TO BE COMPUTED ABNKO135
C ~“ XIL IS MAX LAMBDA VALUE, OR 0.5 SMALLER FOR J,Y BESSELS ABNKO136
C ~“ DETERMINE STARTING ARRAY ELEMENT (Ml) FROM XLMIN ABNKO137

M1 MAXO(IIJT.NT(XLMIN + ACC),O) + 1 ABNKO138
LI Ml 7. LXTRA ABNKO139

ABNKO14O
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~ ~*W EVALUATE CFI = F = FPRIME(XL,ETA,X)/F(XL,ETA,X) ABNXO141

C ABNKO142
XI = ONE/X ABNRO143
FCL = ONE ABNXO144
PK = XLL + ONE ABNKO145
PX = PK + ABORT ABNKO146

2 ElI = ETA / PK ABNXO147
F = (ElI + PK*XI)*FCL + (FCL — ONE )*XI ABNXO148
PKI = PR + ONE ABNICO149

C “* TEST ENSURES Bl~ .NE. ZERO FOR NEGATIVE ETA; FIXUP IS EXACT. ABNKO15O
IF(DABS(ETA*X + PK*PK1) .GT. ACC) GO TO 3 ABNXO151
FCL = (ONE + EK*EK)/(ONE + (ETA/PK1)**2) ABNKO152
PR TWO + PR ABNKO153

GO TO 2 ABNKO154
3 D ONE/((PK + PK1)*(XI + F.K/PK1)) ABNKO155

DF = _FCL*(ONE + EK*EK)*D ABNXO156
IF(FCL .ME. ONE ) FCL = —ONE ABNKO1S7
IF(D .LT. ZERO) FCL = —FCL ABNKO158

F = F + DF ABNKO159
C ABNKO16O
C *** BEGIN CF1 LOOP ON PR = K = LAMBDA + 1 ABNXO161
C ABNKO162

P = ONE ABNKO16I
4 PK = PK1 ABNKO164

PK1 = PK1 + ONE ABNXO165
ER = ETA / PR ABNKO166
TIC = (PK + PK1)*(XI + EK/PK1) ABNXO167
D = TIC — D*(ONE + EK*EK) ABNXO168

IF(DABS(D) .GT. ACCH) GO TO 5 ABNR0169

WAITE (6,1000) D,DF,ACCH,PK,EK,ETA,X ABNKO17O
P = P + ONE ABNKO171
IF( P .GT. TWO ) GO TO 110 ABNKO172

5 0 = ONE/D ABNKO173
IF (D .LT. ZERO) FCL = —FCL ABNKO174

DF = DF*(D*TK — ONE) ABNXO175
F = F + DF ABNXO176

IF(PK .GT. PX) GO TO 110 ABNKO177
IF(DABS(DF) .GE. DABS(F)*ACC) GO TO 4 ABNXO].78

NFP PR - XLL - 1 ABNKO179
IF(LXTRA EQ. 0) GO TO 7 ABNKO18O

C ABNXO181
* * * DOWNWARD RECURRENCE TO LAMBDA = XLM. ARRAY GC, IF PRESENT,STORES RLABNXO1 82

C ABNKO183
FCL = FCL*TM3O ABNKO].84
FPL = FCL*F ABNKO185
IF(MODE .EQ. 1) FCP(Ll) = FPL ABNKO186

FC (Ll) = FCL ABNKO187
XL = XL.L ABNKO188
RL = ONE ABNKO189
EL = ZERO ABNKO19O
DO 6 LI’ = 1, LXTRA ABNKO191

IF(ETANEO) EL = ETA/XL ABNKO192
IF(ETANEO) RL = DSQRT(ONE + EL*EL) ABNKO193
SL = EL + XL*XI ABNKO194
L = Li - LI’ ABNKO195
FCLI. = (FCL *SL + FPL )/RL ABNX0196
FPL = FCL1*SL — FCL *RL ABNKO197
FCL = FCL1 ABNKO198
FC(L) = FCL ABNKO199
IF(MODE .EQ. 1) FCP(L) = FPL ABNXO200
IF(MODE .NE. 3 .AND. ETANEO) GC(L+1) = RL ABNKO2O1

6 XI, = XL - ONE ABNKO2O2
IF(FCL .EQ. ZERO) FCL = ACC ASNXO2O3
F FPL/FCL ABNKO2O4

C ~ NOW WE HAVE REACHED LAMBDA = XLMIN = XLM ABNKO2O5
C ‘~ EVALUATE CF2 = P + I.Q AGAIN USING sTEED’S ALGORITHM ABNKO2O6
~ *~ SEE TEXT FOR COMPACT COMPLEX CODE FOR SP CDC OR NON—ANSI IBM ABNXO2O7
C ABNKO2O8

7 IF( XLTURN ) CALL JWJCB(X, ETA, DMAX1( XLM, ZERO),FJWRB,GJWKB,IEXP) ABNKO2O9
IF( rEla’ .GT. 1 .OR. GJWKB .GT. ONE/(ACCH*TEN2)) GO TO 9 ABNXO21O

XLTURN = FALSE. ABNRO211
TA = TWO*ABORT ABNXO212
PR = ZERO ABNXO213
WI = ETA + ETA ABNXO214



164 AR. Barnett / Coulomband Besselfunctionsand their derivatives

P = ZERO ABNKO215
Q ONE - ETA’XI ABNKO216
AR —E2MMI ABNKO217
Al ETA ABNKO218
BR TWO*(X — ETA) ABNRO219
HI TWO ABNXO22O
DR = BR/(BR~BR + BI*BI) ABNXO221
DI = —BI/(BR~BR + BI*BI) ABNXO222
r)P = -X1

1(AR*DI + AI*DR) ABNRO223
DQ XI0IAR’iDR — AI*DI) ABNR0224

8p =p +DP ABNKO225
Q = Q + DQ ABNRO226
PR = PR + TWO ABNXO227
AR = AR + PK ABNKO228
Al = Al + WI ABNKO229
HI = BI + TWO ABNRO23O
O = AR*DR — AI0DI + BR ABNKO231
DI = AI*DR + A.R*DI + HI ABNICO232
C = ONE/(D*D + DI*DI) ABNKO233
I)R = C*D ABNKO234
DI = _C*DI ABNKO235
A = BR*DR — BI~DI — ONE ABNKO236
B = BI0DR + BR~DI ABNKO237
C = DP’A — DQ~B ABNKO238
DQ = DP*B + DQ~A ABNRO239
OP = C ABNKO24O
IF(PK .GT. TA) GO TO 120 ABNXO241

IF(DABS(DP)+DABS(DQ),GE.(DABS(P)+DAB5(Qfl*ACC) GO TO 8 ABNK0242
NPQ - PR/TWO ABNKO243
PACCQ = HALF*ACC/DMIN1(DABS(Q),ONE) ABNICO244
lF(DABS(P) .GT. DABS(Q)) PACCQ = PACCQ*DABS(P) ABNK0245

C ABNKO246
C ‘‘ SOlVE FOR FCM = F AT LAMBDA = XLM,THEN FIND NORMFACTORW=W/FCM ABNKO247
C ABNRO248

CAN ‘= (F ~- P)/Q ABNKO249

IF(Q .LE. ACC4*DABS(P)) GO TO 130 ABNKO25O

W = ONE/DSQRT((F — P)*GAI4 + Q) ABNKO251

GO TO 10 ABNKO252
C ~** ARRIVE HERE IF G(XLM) .GT. 1O**6 OR IEXP .GT. 70 & XLTURN .TRUE.ABNKO2S3

9 W = FJWKB ABNXO254

GAIl GJWKB*W ABNKO255

P = F ABNKO256
Q = ONE ABNX0257

C ABNKO258
C ~** NORMALISE FOR SPHERICAL OR CYLINDRICAL BESSEL FUNCTIONS ABNICO259

C ABNKO26O

10 ALPHA = ZERO ABNKO261

IF(KFN EQ. 1) ALPHA = XI ABNKO262

IF( KFN .EQ. 2) ALPHA = XI *HALF ABNKO263
BETA = ONE 20BNKO264

IF(KFN EQ. 1) BETA = XI ABNRO265

IF(KFN EQ. 2) BETA = DSQRT(XI)*RP2DPI ABNKO266

FCM = DSIGN(W,FCL)*BETA ABNRO267

FC(Ml) = FCM ABNKO2B8
IF(MODE .EQ. 3) GO TO 11 ABNRO269

IF( .NOT. XLTURN) GCL = FCM*GAM ABNKO27O

IF( XLTURN) GCI, = GJ’WKB*BETA ABNKO271

TF( KFN .NE. 0 ) GCL = •-GCL ABNKO272

GC(Ml) GCL ABNKO273

GPL = GCL*(P — Q/GAM) — ALPRA*GCL ABNKO274

IF(MODE .EQ. 2) GO TO 11 ABNXO275

GCP(Ml) = GPL ABN110276
FCP(M1) = FCM*(F — ALPHA) ABNR0277

11 IF(LXTRA EQ. 0 ) RETURN ABNKO278

C ~ UPWARD RECURRENCEFROM GC( Ml), GCP( Ml) STORED VALUE IS RL ABNRO279

C ~ ~ RENORMALISE FC, FCP AT EACH LAMBDA AND CORRECT REGULAR DERIVATIVE ABNRO2 80

C ~** XL XLII HERE AND RI = ONE , EL = ZERO FOR BESSELS ABNRO281
W = BETA*W/DABS(FCL) ABNKO28Z
MAXL 11 1 ABNKO283

DO 12 L = M1,MAXL ABNX0284
IF(MODE EQ. 3) GO TO 12 ABNKO285
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XL = XL + ONE ABNKO286
IF(ETANEO) EL = ETA/XL ABNX0287
IF(ETANEO) RL = GC(L+1) ABNKO288

SL = EL + XL*XI ABNX0289
GCL1 = ((SL — ALPHA )*GCL — GPL)/RL ABNKO29O
GPL = RL*GCL — (SL + ALPHA) *~L1 ABNKO291
GCL GCL1 ABNKO292
GC(L+l) = GCL1 ABNKO293

IF(MODE .EQ. 2) GO TO 12 ABNRO294
GCP(L+i) = GPL ABNKO295

FCP(L+1) = W*(FCP(L+1) — ALPHA*FC(L+1)) ABNKO296
12 FC(L+1) = W* FC(L+1) ABNKO297

RETURN ABNKO298
1000 FORMAT(/’ CF1 ACCURACYLOSS: D,DF,ACCH,K,ETA/K,ETA,X = ‘,1P7D9.2/)ABNRO299

C ABNKO300
c *** ERROR MESSAGES ABNKO3O1
C ABNKO3O2

100 IFAIL = —1 ABNRO3O3
WR.ITE(6,2000) XX,ACCH ABNRO3O4

2000 FORMAT(’ FOR 101 = ‘,1PD12.3,’ TRY SMALL—X SOLUTIONS’, ABNKO3O5
*‘ OR X NEGATIVE’! ,‘ SQUARE ROOT ACCURACY PARAMETER = ‘,D12.3/) ABNXO3O6

RETURN ABNXO3O7
105 IFAIL = -2 ABNKO3O8

WRITE (6,2005) XLMAX,XLMIN,XLM ABNKO3O9
2005 FORMAT( /‘ PROBLEM WITH INPUT ORDER VALUES: XLMAX, XLMIN, XLM = ‘, ABNKO31O

~1P3Dl5.6/) ABNKO311
RETURN ABNKO312

110 IFAIL = 1 ABNRO313
WRITE (6,2010) ABORT,F ,DF,PK,PX,ACC ABNKO314

2010 FORMAT(’ CF1 HAS FAILED TO CONVERGEAFTER ‘,FlO.O,’ ITERATIONS’ ,/ ABNRO315
F,DF,PK,PX,ACCUR = ‘,1P5D12.3//) ABNKO316

RETURN ABNRO317
120 IFAIL = 2 ABNRO318

WRITE (6,2020) ABORT,P,Q,DP,DQ,ACC ABNKO319
2020 FORMAT(’ CF2 HAS FAILED TO CONVERGE AFTER ‘,F7.0,’ ITERATIONS’,! ABNKO32O

*‘ P,Q,DP,DQ,ACCUR ‘,1P4D17.7,D12.3//) ABNKO321
RETURN ABNRO322

130 IFAIL = 3 ABNKO323
WRITE (6,2030) P,Q,ACC,DELL,LXTRA,M1 ABNKO324

2030 FORMAT( FINAL Q.LE.DABS(P)*ACC*J.O**4 , P,Q,ACC = ‘,1P3D12.3,4X, ABNRO325
DELL,LXTRA,M1 = ‘,D12.3,2I5 /) ABNKO326

RETURN ABNKO327
2040 FORNAT(’ XLMAX — XLMIN = DELL NOT AN INTEGER ‘,1P3D2O.10/) ABNKO328

END ABNKO329
C ABNKO33O

SUBROUTINE JWKB( XX, ETAI , XL, FJWKB, GJWKB, IEXP) ABNXO3 31
REAL*8 XX,ETA1,XL,FJWKB,GJWXB,DZERO ABNXO332

C *** COMPUTESJWKB APPROXIMATIONSTO COULOMB FUNCTIONS FOR XL.GE. 0 ABNKO333
C *** AS MODIFIED BY BIEDENHARN ET AL. PHYS REV 97 (1955) 542—554 ABNRO334
C ~“ CALLS DMAX1,SQRT,ALOG,EXP,ATAN2,FLOAT,INT BARNETT FEB 1981 ABNKO335

DATA ZERO,HALF,ONE,SIX,TEN/ O.OEO, 0.5EO, 1.OEO, 6.OEO, 1O.OEO /ABNKO336

DATA DZERO, P135, ALOGE /0.ODO, 35.OEO, 0.43429 45 EO / ABNK0337
X XX ABNX0338
ETA = ETA1 ABNKO339
GH2 = X*(ETA + ETA - X) ABNKO34O
XLL1 = DMAX1 ( XL*XL + XL, DZERO) ABNXO341
IF(GH2 + XLL1 .LE. ZERO) RETURN ABNKO342

HLL = IILL1 + SIX/RL35 ABNR0343

EL SQRT( HLL) ABNXO344
Sb = ETA/HL + HL/X ABNKO345
RL2 = ONE + ETA*ETA/HLL ABNKO346
GH = SQRT(GH2 + HLL)/X ABNRO347

PHI = X’~GH — J~T,F’*( RI*~G((GH + SL)**2/RL2) - ALOG(GH) ) ABNKO348
IF(ETA .ME. ZERO) PHI PHI — ETA*ATAN2(X*GH,X - ETA) A8NXO349

PHI1O = _PHI*ALOGE ABNKO35O
IEXP = INP(PHI1O) ABNKO351

IF(IEXP .GT. 70) GJWKB = TEN**(PHI1O — FLOAT(IEXP)) ABNKO352
IF( lEER . bE. 70) GJWKB = EER( -PHI) ABNXO353
IF(IEXP bE. 70) IEXP = 0 ABNKO354
FJWKB = HALF/(GH*GJWKB) ABNXO355
RETURN ABNRO356

END ABNKO357
//G.SYSIN DO * P.BNKO358
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-50.0 1 0 10 50 ABNKO359
5.0 ABNRO36O

—50.0 1 10 20 10 ABNKO361
50.0 ABNICO362

—4.0 1 0 5 10 ABNICO363
5.0 ABNKO364

—4.0 1 50 100 50 ABNKO3G5
50.0 ABNKO366
10.0 1 0 5 20 ABNKO367
5.0 ABNKO36S

10.0 1 30 50 30 ABNKO369
50.0 ABNRO37O

100.0 1 0 50 100 ABNKO371
1000.0 ABN110372
100.0 1 0 5 10 30 O—4ABNK0373

1.0 ABNKO374
JWICB EXAMPLES CALCULATIONS OF BARDIN ET AL. ABN110375

100.0 2 0 20 ABNRO376
5.0 50.0 ABNRO377

10.0 1 30 50 30 ABNKO378
5.0 ABNKO379

—4.0 1 30 50 30 ABNRO3BO
5.0 ABNKO381

500.0 2 0 ABNRO382
0.001 0.025 ABNX0383
2.0 1 0 1 O—4ABNKO384

10.0 ABNKO3B5
OTHER TEST EXAMPLES OF COULOMB FUNCTIONS ABNKO386

4.0 1 1 4 ABNKO387
10.0 ABNK0388
5.0 1 0 1 7 ABNXO389

10.0 ABNI(039O
10.0 1 0 7 10 ABNKO391
10.0 ABN110392
25.0 1 0 1 ABNKO393
10.0 ABNK0394
5.0 1 0 1 19 20 ABNKO395
5.0 ABNICO39G
4.0 3 0 ABNX0397
6.0 7.0 8.0 ABNKO398
1.0 3 0 ABNKO399
0.6 3.0 6.0 ABNKO400
1.995 1 0 ABNKO4O1
1.2 ABNXO4O2
3.981 1 0 ABNKO4O3
2.4 ABNKO4O4
18.564 1 0 30 60 80 100 120 140 160 180 200 ABNKO4O5

116.790 ABNKO4O6
—4.0 1 0 1 2 3 ABNXO4O7
5.0 ABNKO4O8

0.0 6 0 10 30 40 —1 0—2ABNK0409

1.0 2.0 5.0 10.0 50.0 100.0 ABNKO41O
CYLINDRICAL BESSEL FUNCTIONS ~ ABRANOWITZ & STEGUN PAGES 407 — 4O8ABNKO411

0.0 6 0 10 30 40 —1 O—1ABNKO412
1.0 2.0 5.0 10.0 50.0 100.0 ABNKO413

SPHERICAL BESSEL FUNCTIONS *** ABRAMOWITZ & STEGUN PAGES 465 — 466ABNX0414
0.0 9 3.O—3ABNICO415

0.24 0.5 1.0 2.0 4.0 5.0 8.0 ABNICO416
10.0 16.0 ABNRO417

BESSELS WITH ORDER 1/3 ‘~“ WATSON TABLE III PAGES 714 — 729 ABNK0418
0.0 1 0 1 2 4 5 6 10 14 18 20 O—2ABNK0419

8.7714838 ABNKO42O
BLANCH TEST OF RECURRENCE THROUGH THE ZERO OF J5 NEAR X = 8.7714838 ABNKO421

0.0 2 100 100 2ABNKO422
1.0 2.0 ABNK0423
-500.0 2 0 —4ABNK0424
0.001 .000000001 ABNXO425

EXAMPLES OF ERROR CONDITIONS ABNK0426
1.0 1 —2.2 ABNXO427
—20000.0 ABNKO428
0.0 1 1 ABNKO429
—55.0 ABNKO43O
0.0 00000 ABNXO431
/7 ABNKO432


